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ABSTRACT

Let C(K,E') be the space of continuous functions defined between a
compact Hausdorff space K and the space of fuzzy numbers E' endowed
with the supremum metric. We provide a sufficient set of conditions
on a subspace of C(K,E"') in order that it be dense. We also obtain a

similar result for interpolating families of C(K,E").
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1. INTRODUCTION

Fuzzy numbers provide formalized tools to deal with non-precise quantities. They
are indeed fuzzy sets in the real line and were introduced in 1978 by Dubois and

Prade ([3]), who also defined their basic operations. Since then, Fuzzy Analysis
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has developed based on the notion of fuzzy number just as much as classical Real
Analysis did based on the concept of real number. Such development was eased by
a characterization of fuzzy numbers provided in 1986 by Goetschel and Voxman

([5]) leaning on their level sets.

As real-valued functions do in the classical setting, fuzzy-number-valued functions,
that is, functions defined on a topological space taking values in the space of
fuzzy numbers, play a central role in Fuzzy Analysis. Namely, fuzzy-number-
valued functions have become the main tool in several fuzzy contexts, such as
fuzzy differential equations ([1]), fuzzy integrals ([12]) or fuzzy optimization ([6]).
However the main difficulty of dealing with these functions is the fact that the
space they form is not a linear space; indeed it is not a group with respect to
addition.

In this paper we focus on the conditions under which continuous (with respect to
the supremum metric) fuzzy-number-valued functions defined on a compact Haus-
dorff space can be (uniformly) approximated to any degree of accuracy. More
precisely and based on ideas of R. I. Jewett ([8]) and J. B. Prolla ([11]), we pro-
vide a sufficient set of conditions on a subspace of the space of fuzzy-number-valued
functions in order that it be dense, which is to say a Stone-Weierstrass type result.
The celebrated Stone-Weierstrass theorem is one of the most important results in
classical Analysis, plays a key role in the development of General Approximation
Theory and, particularly, is in the essence of the approximation capabilities of neu-
ral networks. We also obtain a similar result for interpolating families of continuous
fuzzy-number-valued functions in the sense that the uniform approximation can

also demand exact agreement at any finite number of points.

2. PRELIMINARIES

Let F(R) denote the family of all fuzzy subsets on the real numbers R. For
u € F(R) and A € [0,1], the A-level set of w is defined by

W :={z R :ulx)>X\}, X€0,1],
[u] :=clg{z €R : u(x) >0}.
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The fuzzy number space E! is the set of elements u of F'(R) satisfying the following

properties:

(1) w is normal, i.e., there exists an 2y € R with u(xg) = 1;

(2) u is convex, i.e., u(Az + (1 — A)y) > min{u(z),u(y)} for all z,y € R, \ €
[0,1];

(3) w is upper-semicontinuous;

(4) [u]® is a compact set in R.

Notice that if u € E!, then the A-level set [u]* of u is a compact interval for each
A € [0,1]. We denote [u]* = [u~(\),ut()\)]. Every real number r can be considered

a fuzzy number since r can be identified with the fuzzy number 7 defined as

- 1 if t = r,mean
7(t) :==
0 if t #r.

We can now state the characterization of fuzzy numbers provided by Goetschel
and Voxman ([5]):

Theorem 1. Let u € E! and [u]* = [u=(\),uT ()], A € [0,1]. Then the pair of
functions u~(X) and u* () has the following properties:

e u~()\) is a bounded left continuous nondecreasing function on (0,1];
e uT(\) is a bounded left continuous nonincreasing function on (0,1];
e 4~ (A\) and ut(\) are right continuous at A\ = 0;

° u_(l) < u“'( ).

Conversely, if a pair of functions a(X\) and B(N\) satisfy the above conditions (i)-
(iv), then there exists a unique v € E' such that [u]* = [a(N), B(N\)] for each
A€ 0,1].

Given u,v € E! and k € R, we can define u +v := [u™(\),u™(\)] + [v=(A),vT(N)]
and ku := k[u™(\),uT(A\)]. It is well-known that E! endowed with this two natural

operations is not a vector space. Indeed (E!,+) is not a group.

On the other hand, we can endow E! with the following metric:
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Definition 2 ([5, 2]). For u,v € E!, we can define

doo(u,v) := sup max {|Ju”(A) — v~ (A)],|[ut(X) —vt(N)|}.
A€[0,1]

It is called the supremum metric on E!, and (E!,d.) is well-known to be a
complete metric space. Notice that, by the definition of d.,, R endowed with
the euclidean topology can be topologically identified with the closed subspace
R={&:zeR} of (E',ds) where #T(\) = 2= (\) = z for all A € [0,1]. As a

metric space, we shall always consider E! equipped with the metric do.
Proposition 3. The metric do satisfies the following properties:

(1) doo (D21 s, Yoty vi) < Dot doo(ui, v;) where ug,v; € B fori=1,...,m.

(2) doo(ku, kv) = kdso (u,v) where u,v € E! and k > 0.

(3) doo(ku, pu) =| k — p | doo(u,0), where u € EY, k>0 and u > 0.

(4) doo(ku, pv) <| k — p1 | doo(u,0) + pdoo(u,v), where u,v € EY, k > 0 and
p = 0.

We shall denote by C(K,E!) the space of continuous functions defined between
the compact Hausdorff space K and the metric space (E!',dy,). In C(K,E) we

shall consider the following metric:

D(f,g) = sup doo (f (1), 9(t)),

which induces the uniform convergence topology on C(K,E!).
Proposition 4. Let ¢ € C(K,RT) and f € C(K,E'). Then the function k
o(k)f(k), k € K, belongs to C(K,E).

3. A VERSION OF THE STONE-WEIERSTRASS THEOREM IN FUZzZY ANALYSIS.

Let us first introduce a basic tool to obtain our main theorem (Theorem 11).
Definition 5. Let W be a nonempty subset of C(K,E!). We define
Conv(W) ={p € C(K,[0,1]) : of + (1 —p)g € W

for all f,g € W}.
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Proposition 6. Let W be a nonempty subset of C(K,E'). Then we have:

(1) ¢ € Conv(W) implies that 1 — ¢ € Conv(W).

(2) If ¢, € Conv(W), then ¢ - p € Conv(W).

(8) If ¢ belongs to the uniform closure of Conv(W), then so does 1 — ¢.
(4) If ¢, belong to the uniform closure of Conv(W), then so does ¢ - .

(5) Uniform closure

Definition 7. It is said that M C C(K, [0, 1]) separates the points of K if given
s,t € K, there exists ¢ € M such that ¢(s) # ¢(t).

Next we state two technical lemmas which will used in the sequel:

Lemma 8 ([8, Lemma 2]). Let 0 < a < b < 1 and 0 < § < 1. There ezists a

polynomial p(x) = (1 — ™)™ such that

(1) p(x) >1—46 for all 0 <z < a,
(2) p(x) < § forallb <z <1.

Lemma 9 ([8, Theorem 1]). Let W C C(K,E'). The mazimum of two elements
of Conv(W) belongs to the uniform closure of Conv(W).

Lemma 10. Let W C C(K,E'). If Conv(W) separates the points of K, then,
given xo € K and a open neighborhood N of xq, there exists a neighborhood U of
o such that for all 0 < & < 3, there is ¢ € Conv(W) such that

(1) p(t) >1—=20, forallt € U;
(2) @(t) <6, for allt ¢ N.

Gathering the information obtained so far, we can now state and prove a version

of the Stone-Weierstrass theorem for fuzzy-number-valued continuous functions:

Theorem 11. Let W be a nonempty subset of C(K,E') and assume that Conv(W)
separates points. If given f € C(K,E') and ¢ > 0, there ewists, for each x € K,
gz € W such that doo (f(2), g.(2)) < &, then W is dense in (C(K,E'), D).
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4. CONCLUSION

We have proved that, under certain natural assumptions, continuous (with re-

spect to the supremum metric) fuzzy-number-valued functions defined on a com-

pact Hausdorff space can be (uniformly) approximated to any degree of accuracy,

which yields a Stone-Weierstrass type result in this setting. A similar result for

interpolating families of continuous fuzzy-number-valued functions in the sense

that the uniform approximation can also demand exact agreement at any finite

number of points.
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