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Abstract — The aim of this paper is to evaluate the accuracy of macroscopic models of thin
conductive layers used for electromagnetic modelling of microwave susceptors. The
equivalent model assumes using a surrogate layer made of dielectric of higher thickness and
maintained value of surface resistance. Such an approach allows decreasing computer effort
required for electromagnetic analysis with 3D discrete methods. The present work extends
to real-life scenarios, wherein a thin microwave susceptor is placed below food. Evaluation
of the macroscopic model accuracy and limits of application is conducted with the aid of
analytical calculations and conformal finite difference time domain (FDTD) simulations.
The results of the analysis are generalised to give practical guidelines for microwave oven
and food packaging designers and manufacturers.

L. Motivation and background

Thin conductive layers are widely encountered in microwave technology. An example of a
daily life application are susceptors in microwaveable food packages [1], [2], [3], which are
used in order to increase power dissipation and heating efficiency in food. Moreover,
conductive layers (e.g. based on silver nano-particles) are present as the coating of Carbon
Fiber Reinforced Polymers (CFRPs) [4]. Those kinds of coatings do not increase the weight
of vehicles, therefore they are very useful for aircraft industry and enable to reduce fuel
consumption, as well as increase lightning damage protection.

Electromagnetic modelling has been recently recognised by microwave oven and food
packaging designers and manufacturers as an important stage of the design process. The
most convenient and popular methods for virtual design are finite difference time domain
(FDTD) [5] and finite element (FEM) [6] methods. However, introducing a thin conductive
layer such as a microwave susceptor, with thickness (below 1 um [7], [8]) by orders of
magnitude less than the operating frequency of a microwave oven, into a finite-mesh (as
inherent in e.g. FDTD and FEM) typically requires a dedicated equivalent macroscopic
model allowing for computationally effective and accurate electromagnetic (EM) and
thermal simulations.

Thin conductive layers, characterised by their surface resistance (Rs), are adequately
represented with a dielectric surrogate layer of higher thickness and proportionally scaled
conductivity, maintaining the value of R;:

Rs=(dooo)'=(do)",
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where a0, do stand for values of the original metal and o, d are the scaled parameters of the
dielectric surrogate. Systematic evaluation of macroscopic models of microwave susceptors
used for enhancing the heating efficiency of microwavable food packages has been reported
in [9]. Our studies therein have focused on validity, accuracy, and practical application limits
of the proposed macroscopic models of thin metallic layers, in terms of power dissipated in
susceptor placed in free space and irradiated by EM wave, at all angles of incidence. In this
work we extend our studies to real-life simulation scenarios, in which a microwave susceptor
is in contact with food. The discussion is supported with both analytical and numerical
conformal FDTD calculations. The accuracy and application limit of the macroscopic model
are investigated for all incidence angles and both, TE and TM polarisations of the impinging
EM wave, for real foods.

II. Power dissipation in a surrogate without food
In Fig. 1 we provide 2D maps of relative power dissipated in a surrogate layer for exemplary
values of sheet resistance. The values have been chosen to cover a wide spectrum of
applications of thin conductive layers: 1 Q - absorbing panels, 35 & 105 Q - popcorn and
pizza susceptors at room temperature, 400 Q - food susceptors breaking at above 240 deg,
20000 Q - susceptors after use. The results of this study are obtained analytically with the
use of equations, which are discussed in detail in Section III.

Fig. 2 shows vertical cuts through the maps of Fig. 1, i.e., the dependence of relative power
dissipated in a surrogate on the surrogate’s thickness. Figs. 1 and 2 indicate that the values
of Rs=30+400 Q enable the best absorption for most field patterns (provided that the
susceptor is in free space). This is further confirmed by the continuous plots of relative power
dissipated in an ultra-thin susceptor, as a function of the susceptor’s sheet resistance,
presented in Fig. 3.

Note that analytical calculations indicating Rs=30+400 Q as the optimum range for
microwave heating have been reported earlier [1], however, those calculations were limited
to normal incidence (TEM waves). Our study extends the proof to oblique incidence. It also
shows that for higher incidence angles, TM waves heat more efficiently lower-resistance
susceptors, while TE waves heat more efficiently higher-resistance susceptors. These
observations are complementary to the investigation of equivalent angles of incidence in
multi-modal domestic ovens, and thereby can help design of microwaveable food packages.

From the viewpoint of macroscopic surrogates, the results provided in Figs. 1 and 2 clearly
show the range of admissible scaling of the surrogate thickness. The scaling remains neutral
to power dissipation, provided that the scaled surrogate thickness does not exceed 1 mm,
which at 2.45 GHz corresponds to ca. 0.05 wavelength. In [9], the analytical results were
further validated with conformal FDTD simulations using QuickWave 3D software [11].
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Fig. 1. Maps of relative dissipated power (1-|S1:|>-|S2:]%) in a susceptor in free space
(without food) for varying angles of incidence 6 and thickness d of the surrogate.
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Fig. 2. Vertical cuts through the maps of Fig. 1, for normal incidence (TEM), transverse
electric (TE) and transverse magnetic (TM) polarisation at 70 deg.
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Fig. 3. Relative dissipated power in a susceptor placed in free space and irradiated at
different angles, by waves of different polarisations.
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I11. Power dissipation jointly in the surrogate and food
We now extend our study to the case of a susceptor being in contact with a slice of food,
which is a typical situation in microwaveable food packages. The stacked structure as in
Fig. 4, illuminated with EM wave at varying angle of incidence € is considered. In the model,
susceptor and food are assumed to have constant and isotropic values of permittivity and
conductivity and the food is made of a non-magnetic material.

The electromagnetic multi-layered scenario shown on the left of Fig. 4 can be conveniently
analysed with the transmission line theory, where it reduces to the flow graph shown on the
right of Fig. 4. The graph accounts for three impedance steps at media boundaries, which
the EM wave faces when propagating through the structure.

The system of Fig. 5 can be reduced to a two-port network, described with the S-matrix:

S11 = Iip +TapTpa 74 - Upc + Iep " T8) - A, (D
S22 = Ipc + TepToe & - (Tep + Tpa - T5) - B, (2)
S21 = TaTpcTep " TpTc - A, (3)
S12 = TpcTepTpa *TpTc " A, (4)
where:
A= (1= Igalpe 7§ — Ieplep - 1¢ — Tpaltp - T578) 7 (5)

[;; and T;j parameters stand for reflection and transmission coefficients (for wave
amplitudes) respectively from i-th to j-th layer (where i, j stand for 4-D):

Zj-z; 2Z;
22 for TEM L for TEM
Zi+Zj Zl'+Zj
Zjcos@i—Z;cost; 2Zj cosb;
J Lot J f J L
= { ————, for TE . = {——————, for TE
L Zj cosBi+Z; cosf;’ Tij Zj cosB;+Z; coso;’ (6)
ZjcosB—Z;cosO; 27 cosB;
L = forT™ ——— for TM
Z;jcosfi+Zjcosb; ZjcosO+Zjcost;
and t; stands for a wave transmission coefficient through i-th layer:
— o—Vidicos 6;
T, = e Yidicosti @)
In above equations Z; = % is a wave impedance of the material in i-th layer, y; =
i

2njf M is a propagation constant at the frequency of f, d; stands for the thickness of the
layer, and cos 6; is defined as follows:

cos; = \J1 — (u;g;,c2)1 sin28,, (8)
where 6, stands for an incidence angle in air and c for speed of light. In the above equations
u; and ¢; stand for complex permeability and permittivity of material in i-th layer, which

for the purpose of this paper are defined as p; = py and g = &6 — % Index i =0

denotes vacuum parameters.
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Fig. 4. Four-layer EM model (left) and (right) its microwave flow graph: A and D layers
stand for air, B for a susceptor, and C for a food slice.

Based on the above analysis and equations, total relative power dissipated, jointly in a
susceptor and lcm-thick slice of beef (g, = 48.2, 0 = 2.194 S/m at room temperature),
defined as (Z-]S12|*-|S22/%), is calculated for varying thicknesses of the dielectric surrogate
and angles of incidence. The results are presented in Fig. 5 in a form of 2D maps. It is clearly
seen that using a surrogate layer of thickness up to 1 mm does not affect the dissipated
power, compared to the original ultra-thin susceptor. Thereby, the practical limit of
application of the macroscopic model of thin conductive sheets derived in [9] for susceptors
in free space remains valid for real-life scenarios, in which susceptor is in contact with food.
The results further prove that the heating will be more efficient for TM than for TE-waves,
and the highest absorption is obtained for high angles of TM wave incidence.
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Fig. 5. Maps of total relative power dissipated jointly in a susceptor and 1 cm-thick slice of
beef (¢ = 48.2 0 = 2.194 S/m), for EM waves incident at varying angle ¢ from air onto
beef, and varying thickness d of the surrogate.
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Iv. Power dissipated separately in the surrogate and the food
In this section we extend the analysis of the scenario of Fig. 4, by considering power
dissipated in each layer of the model. We consider power transmitted through an arbitrary
plane parallel to the layers:

P=Re(ExH) 2= (COZS 9) C(E*+E)-(E* —E)", 9)
where E, H stand for electric and magnetic fields in the plane, Z is a unit vector normal to
the layers, cos 8 was defined with equation (8), Z is impedance, E* and E~ stand for
complex amplitudes of electric field of the incident and reflected waves at the considered
plane. Power dissipated in i-th layer can be calculated as a difference of power transmitted
through the opposite planes of the layer:

P, = Pi" — pot, (10)
For EM wave incident at port 1, electric field amplitudes in layer B (see Fig. 5) can be
calculated as follows:

1
Ej = T_(l + I5aS11) B, Edue = Ein T (€59
BA
1
Ein =5—(Dp + Su) Ed, Eou = Ein 5" (12)
BA
and in layer C (further from the incident port):
1
Egue = T_521 - Ey, E;"L = Egut - ‘[El, (13)
D
Egqut =Itp " Eguer  Ein = Egue " Tc (14)

where E¢ stands for an amplitude of an incident wave at port 1. Analogical equations can
be derived in the case of a wave incident at port 2, if one reverts indices of layers and ports.

The above conducted analysis and formulated equations are confirmed with the use of
conformal FDTD modelling performed in QuickWave 3D software [11]. In order to simulate
normal incidence (TEM) of EM wave on the considered multi-layer stacked structure
(Fig. 4), a parallel-plate line model is used. For the purpose of modelling plane wave with
an arbitrary incidence angle, we use a rectangular waveguide with a square cross section
a X a supporting TE11 and TM11 modes. In order to obtain an arbitrary angle 8 of EM
wave incidence in air, the waveguide dimension a needs to be adjusted following the

formula:
c

a= ———,
f-sin@ -2

where ¢ stands for the speed of light in vacuum.

(15)

Standard stair-case formulation of the FDTD method requires that the surrogate thickness
occupies at least one full FDTD cell, which for thin layers significantly increases simulation
time as the FDTD time step decreases. QuickWave 3D software implements conformal
FDTD, which allows for adopting thin layers filling only a part of the FDTD cell, thereby
alleviating the stair-case limitation and achieving the geometric flexibility classically
attributed to FEM formulations. In the conducted EM analysis, FDTD cell size in the
direction of wave propagation is set to 1 mm and 10 pm-thick surrogate is considered.
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Fig. 6 presents comparison of analytical and conformal FDTD results for dissipated power,
calculated separately for the susceptor and raw beef, as a function of surface resistance of
the susceptor. Analytical data are fully consistent with the electromagnetic simulation
results. It is seen that the absorption in susceptor remains maximal for its sheet resistance in
the range of Rs=30+400 €, similarly as for the susceptor in free space. However, total value
of dissipated power tends to increase monotonously with the increasing sheet resistance of
the susceptor (except for very high incidence angle and TM polarisation, where a subtle
optimum occurs around the optimum of the susceptor heating). Two physical effects are
therefore observed, when the surface resistance of the susceptor increases: first, the
susceptor heats more and then, the susceptor stops heating but its backing of the food causes
more efficient volumetric heating of the food itself.

Note that in real-life microwaveable food packages, the susceptors are manufactured so that
they break or otherwise increase their surface resistance during the heating [1], [10]. Our
graphs in Fig. 6 help therefore explain how the initial surface heating by the susceptor is
followed by the volumetric heating of the actual load; in typical microwaveable foods the
volumetric heating phase is further enforced by the increase of food losses with temperature,
in typical foods [10].
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Fig. 6. Relative power dissipated separately in 10 um susceptor (susc) and 1 cm raw beef
(beef) layers; and jointly (all) in both layers, for EM waves incident from air onto food
backed by the susceptor. Analytical results are plotted by lines; dots and circles indicate
conformal FDTD results for food and susceptor, respectively.

V. Conclusions
In the present work an application of macroscopic models in a form of dielectric surrogate
layers of significantly higher thickness for microwave susceptors analysis is considered. In
extension to earlier studies, the discussion addresses real-life scenarios, where a microwave
susceptor is in contact with food, as it typical microwaveable food packages. The evaluation
of the macroscopic model is conducted with the aid of analytical calculations and conformal
FDTD simulations, accounting for various angles of EM wave incidence and wave
polarisation, surface resistance of microwave susceptor, and surrogate thickness. The
systematic evaluation of the equivalent macroscopic model in terms of power dissipated in
the structure allows to derive a practical limit of 1 mm surrogate thickness (at 2.45 GHz),
for application of the surrogate model in the modelling scenarios where the susceptor
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remains in contact with food. Moreover, the studies aiming at extracting power dissipated
separately in food and susceptor resulted in formulating a range of susceptors’ surface
resistance assuring the highest power absorption in susceptor, and the highest absorption in
the overall package, which constitutes practical guidelines for food packaging designers and
manufacturers.
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