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ABSTRACT

This paper introduces proximal path cycles, which lead to the main
results in this paper, namely, extensions of the Mitsuishi-Yamaguchi
Good Covering Theorem with different forms of Tanaka good cover
of an Alexandrov space equipped with a proximity relation as well as
extension of the Jordan curve theorem. In this work, a path cycle is a
sequence of maps hi,...,hi,...,hn—1mod n in which h; : [0,1] — X
and hi(1) = hi4+1(0) provide the structure of a path-connected cycle
that has no end path. An application of these results is also given
for the persistence of proximal video frame shapes that appear in path
cycles.
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1. INTRODUCTION

A bounded surface region results from a path-connected sequence of paths
that has no end path. A homotopic path (briefly, path) is a continuous map
from the unit interval into a space. For a space S, h: [0,1] — S can be either
a straight line from a point h(0) € S to a surface point h(1) € S or surface
curved line [22] or a cross cut (also called an ideal arc [8, §3, p.11]), which is a
line that punctures a surface boundary at h(0), passing through the interior of
the surface without self-intersections and exiting at a point A(1) on the surface
boundary [28], [8]. The focus here is on finite, bounded, simply-connected
surfaces. A planar surface S is simply connected, provided every path h lies
entirely on S, i.e., every path has all its interior points h(t) € int(S),t € (0,1)
and its end points h(0), 2(1) € S and h has no self-loops.

Paths are stitched together in a sequence (aka path cycle, also called a train
track [8, p.53]) to delineate a bounded surface region. A path cycle E (denoted
by hCycFE) in a space S is a sequence of continuous path maps {hi}gzgl)[n],
h; : I — K,[n] = mod n with no end path map.

This paper introduces proximal path cycles considered in terms of a Tanaka
good covering of an Alexandrov space [26], leading to extensions of the Mitsuishi-
Yamaguchi Good Covering Theorem [7] as well as extensions of the Jordan
Curve Theorem [6].

This paper considers the homotopy of paths [25, §2.1,p.11] in Cech proximity
spaces [27, §2.5,p 439] in which nonvoid sets are spatially close, provided the
sets have nonempty intersection and in descriptive proximity spaces [17] in
which nonvoid sets are descriptively close, provided the sets have the same
descriptions. A biproduct of this work is the extension of recent forms of good
coverings of topological spaces [26] [7] as well as a fivefold extension of the
Jordan curve theorem [6].

The main results of this paper are

Theorem (cf. Theorem 5.13). For every descriptive proximity space M on a
finite collection of intersecting homotopic cycles,

(1) M has a good cover.
(2) The nerve of M and the union of the sets in M have the same homotopy
type.

Theorem (c¢f. Theorem 5.15). Every finite collection of intersecting homo-
topic cycles in a proximity space M satisfies the Jordan curve theorem.

2. PRELIMINARIES

This section introduces notation and basic concepts underlying proximal
homotopy.

Let I = [0,1], the unit interval. A path in a space X is a continuous map
h: I — X with endpoints h(0) = zg and h(1) = x; [25, §2.1,p.11]. A homotopy
of paths h,h' : I — X with fixed end points (denoted by h ~ h’), is a relation
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Proximal path cycles

between h and h’ defined by an associated continuous map H : [ x [ — X,
where H(s,t) = ht(s) with H(s,0) = h(s) and H(s,1) = h/(s). In effect, in a
homotopy of paths h, k', path h is continuously transformed into path h’. For
h ~ I, paths h, h' are said to be homotopic paths.

From the Cech proximity & in A, we can consider the closeness of homotopy
classes in a proximity space (X, 9).

2.1. Proximally Continuous Maps and Gluing Lemma. This section in-
troduces gluing lemma for proximity spaces, defined via proximally continuous
maps over a pair of Cech proximity spaces defined in terms of the proximity &
(for the details, see A).

Definition 2.1 (23, 2]). A map f: (X,d1) — (Y, 02) between two proximity
spaces is proximally continuous, provided f preserves proximity, i.e., A §; B
implies f(A) §2 f(B) for A, B € 2%.

Remark 2.2. Proximally continuous maps were introduced by V.A. Efremovic [2]
and Yu. M. Smirnov [23, 24] in 1952 and elaborated by S.A. Naimpally and
B.D. Warrack [10] in 1970 and by S.A. Naimpally and J.F. Peters in 2012 [13]
and 2013 [11, 12].

Lemma 2.3 shows that the composition of two proximally continuous maps is
proximally continuous but it is also true for any types of proximally continuous
maps.

Lemma 2.3. Composition of two proximally continuous maps is proximally
continuous.

Proof. Let [ : (X,61) = (Y,02) and g : (Y,d2) — (Z,03) be proximally con-
tinuous maps and Ad; B in X. Then f(A) o f(B) since f is proximally
continuous and g o f(A) d3 g o f(B), since g is proximally continuous. a

(A,81)
K\\\\\\\‘ f
ANB —= (X,81) — (v, 8,)

A

.
(B,d1)

FIGURE 1. Gluing diagram for Proximity Spaces. Here, the

black arrows represent inclusion maps and all triangles in the

diagram commute.

A diagram for the gluing Lemma 2.4 for proximity spaces is given in Fig. 1.
This Lemma provides a basis for the proof of Theorem 3.2.
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Lemma 2.4. Suppose (X,61) and (Y, d2) are proxzimity spaces and A and B
are closed subsets of X such that AUB = X. If f : (A,61) — (Y,d2) and
g:(B,0) — (Y,d2) are prozimally continuous maps such that f(x) = g(z) for
all z € AN B, then the map h: (X,01) — (Y,02) defined by

2) = f(z), z=e€A
he) {g(m), z€B

is also proximally continuous.

Proof. Let C, D be subsets of X such that C' §; D so that these two sets are
near. That is, there exist ¢ € C' and d € D that are either equal ¢ = d or near
to each other {c} 01 {d}. If ¢ = d, then we are done. Assume {c} d; {d}. Note
that ¢ € A (€ B) implies d € A (€ B), since A (B) is closed. Therefore we
have the following three cases.
Case 1: ¢,d € A.
In that case, we have h({c}) = f({c}) 62 h({d}) = f({d}) so that
h(C) 62 h(D).
Case 2: ¢,d € B.
In that case, we have h({c}) = g({c}) 92 h({d}) = g({d}) so that
h(C) 62 h(D).
Case 3: ¢,d € ANB.
In that case, we have h({c}) = f({c}) = g({c}) 6 h({d}) = F({d})) =
g({d}) so that h(C) 55 h(D).

In all cases, h satisfies the proximal continuity property. ]
2.2. Descriptive Proximity spaces. Let (X, dg) be a descriptive proximity

space (see Appendix B). Then the descriptive closure of A C X (denoted by
claA) is the set of all points in X descriptively near to A, i.e.,

cdoA={reX : zdp A}
={reX : ®()c dA)).

Note that A is descriptively closed, provided cle A = A.
The following corollary is straightforward.

Corollary 2.5. Suppose A is a descriptively closed subset of a descriptive
prozimity space (X, 09). Then

reAs O(x) e D(A).
Definition 2.6 ([14]). The descriptive intersection A A B of two nonempty

subsets A and B of a descriptive proximity space (X, ds), is the set of all points
in AU B such that ®(A) and ®(B) have common descriptions, i.e.

A A B={xc€AUB : ®(z) e P(4) N ®(B)}.

Definition 2.7. A map f: (X, ds,) = (Y, 0s,) is descriptive proximally con-
tinuous (dpc), provided A dg, B implies f(A) 0, f(B) for A, B C X.
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Theorem 2.8. Composition of two dpc maps is dpc.

Proof. Let f: (X, d0,) = (Y,0s,) and g : (Y,ds,) — (Z,ds,) be dpc maps and
A dg, Bin X. Then f(A) dg, f(B), since f is dpc and go f(A) da, go f(B),
since g is dpc. O

(A> 5‘1’1)

&

(375’1’1)

FIGURE 2. Gluing diagram for Descriptive Proximity Spaces.
Here, the black arrows represent inclusion maps and all trian-
gles in the diagram commute.

We adapt the gluing Lemma 2.4 for descriptive proximally continuous maps.

Theorem 2.9. Let (X,dp,) and (Y, de,) be two descriptive proximity spaces
and let A and B be two descriptively closed subsets of X with AU B = X.
If f: (A ds,) — (Y,0s,) and g : (B,ds,) — (Y,0s,) are dpc maps such that
f(z) = g(z) for allx € AN B, then the map h : (X,ds,) — (Y, 0s,) is defined
by

W) = {f(a:), Oy (z) € D1(A) (=x € A by Corollary 2.5),

g(z), @®i(z) € ®1(B) (== € B by Corollary 2.5)

is also dpc.

Proof. Let C, D be subsets of X such that C' dg, D (so, these two sets are
descriptively near). That is, there exist ¢ € C and d € D that are either equal
¢ = d or descriptively near to each other {c} dp, {d}. If ¢ = d, then we are
done.
Assume {c} dp, {d}. Note that c € A (¢ B) implies d € A (€ B) since A (B)
is descriptively closed. Therefore we have the following three cases.
Case 1: ¢,d € A.
In that case, we have h({c}) = f({c}) ds, h({d}) = f({d}) so that
h(C) b, h(D).
Case 2: ¢,d € B.
In that case, we have h({c}) = g({c}) 05, h({d}) = g({d}) so that
h(C) ds, h(D).
Case 3: ¢,d € AN B.
In that case, we have h({c}) = f({c}) = g({c}) da, h({d}) = f({d})) =
g({d}) so that h(C) dg, h(D).
In all cases, h satisfies the descriptive proximal continuity property. O
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3. PROXIMAL HOMOTOPY

For two proximity spaces (X, d1) and (Y, d2), let X xY denote their product.
Then the subsets A x B and C x D of X x Y are near, provided A §; C and
B 6y D.

Definition 3.1. Let (X, §;) and (Y, d2) be proximity spaces and f, g : (X, 1) —
(Y, 62) proximally continuous maps. Then we say f and g are prozimally ho-
motopic, provided there exists a proximally continuous map H : X x [0,1] = Y
such that H(x,0) = f(x) and H(x,1) = g(z). Such a map H is called a proxi-
mal homotopy between f and g. In keeping with Hilton’s notation [5], we write
f 39 provided there is a proximal homotopy between them.

Proposition 3.2. Fvery prorimal homotopy relation is an equivalence relation.

Proof. A check that ~ is reflexive and symmetric is straightforward.

Now let F' and G be proximal homotopies between f and g and between g and
h, respectively. Then the function H : X x [0,1] — Y defined by

]
]

is proximally continuous by Theorem 2.4, so that this defines an proximal
homotopy between f and h. O

F(z,2t), te|
G(z,2t—1), te]

e
—_ N

)

N[

H(z,t) :{

Definition 3.3. Let (X,d1) and (Y, d3) be proximity spaces and A C X.
Then two proximally continuous maps f,g : (X,d1) — (Y, d2) are said to be
prozimally homotopic relative to A, provided there exists an proximal homotopy
H between f and g such that H(a,t) = f(a) = g(a) for alla € A and t € [0,1].
We write f ~9 (rel A), provided there is a proximal homotopy relative to A.

Proposition 3.4. Suppose f,g: (X,61) = (Y,d2) are prozimally homotopic.
If h: (Y,d2) — (Z,03) is proximally continuous, then the maps ho f and hog
are also prorimally homotopic.

Proof. Let F : X x [0,1] — Y be the proximal homotopy between f and g
so that F(z,0) = f(z) and F(x,1) = g(x). Note that ho f and h o g are
proximally continuous by Lemma 2.3 and the map H : X x [0,1] = Y defined
by H(z,t) = ho F(z,t) is the desired proximal homotopy between them. [

Proposition 3.5. Suppose f,g: (X,81) = (Y,d2) are prozimally homotopic.
If k- (W,00) — (X, 01) is prozimally continuous, then the maps fok and gok
are also proximally homotopic.

Proof. Let F : X x [0,1] — Y be the proximal homotopy between f and g
so that F(z,0) = f(z) and F(x,1) = g(z). Note that f ok and g ok are
proximally continuous by Lemma 2.3 and the map K : Z x [0,1] — Y defined
by K(z,t) = F(k(z),t) is the desired proximal homotopy between them. [
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Definition 3.6. A proximally continuous map is proximally nullhomotopic,
provided it is proximally homotopic to a constant map.

Definition 3.7. A proximity space is prozimally contractible, provided the
identity map on it is proximally homotopic to a constant map.

Definition 3.8. Two proximity spaces (X, d1) and (Y, d3) are prozimally homo-
topy equivalent, provided there exist proximally continuous maps f : (X, d;) —
(Y,02) and g : (Y,02) — (X,01) such that g o f and f o g are proximally
homotopic to the identity maps on X and Y, respectively.

3.1. Homotopy between descriptive proximally continuous maps. The
results for pairs of proximity spaces given so far hold for proximity spaces
without restrictions.

Proposition 3.9. The product of descriptive prozimity spaces is a descriptive
proximity space.

Proof. Let {(X;,0s,)}ics be a family of descriptive proximity spaces spaces,
where J is an index set. Then we can define a descriptive nearness relation dg
on the product space X := [],.; X; with the probe function ® :=[],.; ®; by
declaring that two subsets A, B of X are descriptively near, provided A d¢ B
if and only if pr;(A) dg, pr;(B) for all i € J, where pr; is the i'" projection
map of X onto Xj. O

Remark 3.10. To define the descriptive homotopy between dpc maps, we im-
pose a descriptive nearness relation on the closed interval [0,1] in the follow-
ing manner. Two subsets A and B of [0,1] are descriptively near, provided
D(A, B) =0 (that is, the descriptive proximity relation and the (metric) prox-
imity relation coincide).

The descriptive nearness relation introduced in Remark 3.10 leads to de-

scriptive homotopic maps.

Definition 3.11. Let (X,ds,) and (Y, ds,) be descriptive proximity spaces
and f,g: (X,0s,) = (Y,0s,) dpc maps. Then we say f and g are descriptive
prozimally homotopic, provided there exists a dpc map H : X x[0,1] — Y such
that H(z,0) = f(z) and H(x,1) = g(z). Such a map H is called a descriptive
proximal homotopy between f and g. We denote f 79 provided there exists a

descriptive proximal homotopy between them.

Proposition 3.12. Every descriptive proximal homotopy relation is an equiv-
alence relation.

Proof. 1t’s easy to check that 3 is reflexive and symmetric. Let F' and G are

the descriptive proximal homotopies between f and g and between g and h,
respectively. Then the function H : X x [0,1] — Y defined by

i - JF@20), telo,3l,
(z) = G(z,2t—1), te i 1]
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is dpc by Theorem 2.9, so that this defines a descriptive proximal homotopy
between f and h. O

Definition 3.13. Let (X, d4,) and (Y, ds,) be descriptive proximity spaces and
A C X. Then two dpc maps f,g : (X,0s,) = (Y, da,) are said to be descriptive
prozimally homotopic relative to A, provided there exists a descriptive proximal
homotopy H between f and g such that H(a,t) = f(a) = g(a) for all a € A
and t € [0, 1]. We write f v 9 (rel A), provided there is a descriptive proximal

homotopy relative to A.

3.2. Paths in proximity spaces. From Remark 3.10, we know that the de-
scriptive nearness relation also induces a descriptive proximity relation on [0, 1].
This leads to the introduction of (descriptive) proximal paths in a (descriptive)
proximity space.

Definition 3.14. Let (X,J) be a proximity space and xg,z; € X. Then a
prozimal path between xo and x; is an proximally continuous map « : [0,1] —
X such that a(0) = z¢ and «(1) = 1, i.e., for two subsets of A, B in [0,1],
D(A, B) = 0 implies «(A) § a(B).

In this section, we introduce constant proximal paths and their descriptive
forms.

Definition 3.15. For a proximity space (X,d), the constant proximal path
c¢:1[0,1] — X at zp € X is the proximal path such that c(t) = z¢ for every
t €10,1].

Definition 3.16. Let (X, d4) be a descriptive proximity space and g,z € X.
Then a descriptive prozimal path between xg and x; is a dpc map « : [0,1] = X
such that «(0) = zp and a(l) = z1, i.e., for two subsets of A, B in [0,1],
D(®(A),®(B)) =0 implies a(A4) dop a(B).

Descriptive proximally continuous maps were informally introduced in [16],

defined here in terms of path descriptions, utilizing the descriptive proximity
relation d¢ (see B).

Definition 3.17. Let h, k be proximally homotopic paths in a proximity space
X.

set of feature vectors that describe path h

®(h) = To(h(s)) : se 0,1} C R
descriptively close paths
—
®(h) = ®(k) < hds k.

Similarly, for descriptively close homotopy classes [h], [k], we write

descriptively close path classes

——
O([n]) = 2([x]) < [h] 0 [K].
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In other words, the closeness of descriptions of paths (and path classes) is
expressed using the descriptive proximity relation dg.

Definition 3.18. Let [h], [k] be nonempty classes of paths in a proximity space
X. Amap f: (2% xI,83) — (2% x I,68) is descriptive proximally continuous
(dpc), provided

[h] 0q [k] implies f([h]) o f([K])-

Unlike the constant proximal path, descriptive proximal paths (from Defi-
nition 3.16) fall into two niches, namely, (ordinary descriptive) constant paths
and degenerate descriptive constant paths, introduced in this section. These
proximal paths lead to introduction of descriptive contractibility and an ex-
tended form of Tanaka good cover.

(" N

h(1) = k:(l -

(1]

r(0) k(D)

. /

FIGURE 3. The identity map on H(X) is degenerate descrip-
tive constant.

Definition 3.19. Let (X,dq,) and (Y, ds,) be descriptive proximity spaces.
Then amap d: X — Y is said to be a descriptive constant, provided, d(x) = yo
for all x € X and for some yg € Y.

Definition 3.20. A descriptive proximity space is descriptive prozimally con-
tractible, or descriptively contractible for short, provided, the identity map on
it is descriptive proximally homotopic to a descriptive constant map.

Definition 3.21. Let (X,dq,) and (Y, ds,) be descriptive proximity spaces.
Then amap d : X — Y is said to be a degenerate descriptive constant, provided
‘I’Q(d(l‘o)) = (I)Q(d(l‘l)) for all Zo, 1 € X.

From Def. 3.21, observe that the degenerate descriptive constant map need
not map every element to a fixed element, but instead it fixes the description.
That is |im d| > 1 but |P2(d(X))| = 1 so that the image of @2 o d consists
of a single element, say * € R™ (see Figure 4). We say that d is an ordinary
descriptive constant map, provided |im d| = 1.
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d Do n
X 45y -2, acR

FIGURE 4. ®5 od is a constant map on X, provided d is de-
generate descriptive constant.

Example 3.22. Let H(X) denote the path homotopy classes in X given in
Figure 3 and the paths in each of the homotopy class be described in terms
of the color of their initial points. Then the identity map id : (H(X),®) —
(H(X),®) is a degenerate descriptive constant map since the initial points of
all paths are red.

Theorem 3.23. A degenerate descriptive constant map is a dpc map.

Proof. For two subsets A and B of X, suppose that A §¢, B. From Def. 3.21
for a degenerate descriptive constant map, we have ®o(d(A)) = Po(d(B)) so
that d(A) ds, d(B), which completes the proof. O

Definition 3.24. A descriptive proximity space is a degenerate descriptively
contractible, provided, the identity map on it is descriptive proximally homo-
topic to a degenerate descriptive constant map.

Proposition 3.25. Suppose that (X,0¢) is a descriptive proximity space and
cq is a degenerate descriptive constant map on X with xo € Im(cq). Then cq
and the descriptive constant map cz, at xo are descriptively homotopic.

Proof. The desired homotopy H : X x I — X is a map such that H(x,t) =
Zo. O
Since descriptive proximal relation is transitive, we have the following corol-

lary.

Corollary 3.26. A degenerate descriptively contractible space is also a de-
scriptively contractible.

h3(1)

hs3(0)

h2(0) /vy

hCycE :
h1(0) \° hi(0)
= h(n_1)1] ki(1) = £;(0)
hi(1)
hi(0) = £;(1)
(A) [heycE| : h(0) — - -+ — h(n — 1[n]) (B) [HeycE| : [[R]| — [[5]| — ([

FiGURE 5. Two Forms of Homotopic cycles
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HCycE’

h;(1) = k;(0) h}(1) = k%(0)

h;(0) = £;(1)

FIGURE 6. |hSysE|, a homotopic cycle system.

4. HOMOTOPIC CYCLES

This section introduces three forms of homotopic cycles (briefly, path cycles,
namely, simple path cycles, multi-path cycles and path cycle systems. Geomet-
rically, a path cycle has the appearance of the boundary of a Vigolo Hawaiian
earring [29]. These path cycles lead to extensions of the Jordan Curve Theorem.

Recall that a path in a space X is a continuous map h : I — X [25, §2.1,p.11].

Definition 4.1. In a space X in the Euclidean plane, let h : I — X be a
path (briefly, hpath). A path cycle E (denoted by hCycFE) is a collection of
hpath-connected vertexes attached to each other with no end vertex.

Remark 4.2. In general, path cycles have empty interiors. However, in the
case where a path cycle is constructed on the boundary of a physical shape
recorded by a camera, the path cycle will have a nonvoid interior. From a
descriptive proximity perspective, the nonvoid interior is useful in cases where
one or more features in a feature vector quantify distinguishing characteristics
of parts of a shape interior such as centroidal vector field. See an illustration,
see Example B.1 in Appendix B.

Example 4.3. A geometric realization of a simple path cycle |hCycFE)| is shown
in Fig. 6. Each edge in [hCycFE| is an hpath |h;|,3 € [0,...,n — 1[n]].

An enriched form of a path cycle is derived from the paths in homotopic
classes that provide path-connected cycle vertexes.

Definition 4.4. In a space X in the Euclidean plane, let [h] be a homotopic
class containing multiple hpaths. A multi-path homotopic cycle E (denoted
by HCycFE) is a collection of homotopic classes containing hpaths-connected
vertexes attached to each other with no end vertex and HCycFE has a nonvoid
interior.
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Example 4.5. A geometric realization of a multi-path homotopic cycle |HcycFE)|
is shown in Fig. 6. There are multiple homotopic paths between each pair of
vertexes in [HcycE|. For example, between vertexes |h;(0)[, |h;(1)|, there are
multiple hpaths in class [h].

A system of path cycles results from a collection of Hcyc-cycles that have
nonvoid intersection.

For a space X in the Euclidean plane, let H(X) denote the set of all homo-
topy classes [h] in X.

Definition 4.6. In a space X in the Euclidean plane, a homotopic cycle system
E (denoted by hSysE) is a collection of Heyc-cycles such that

hSysE = {Hcch e 2f(X) . ﬂHcyCE = vertex v € H(X)} .

Example 4.7. A geometric realization of a path cycle system |hSysF)| is shown
in Fig. 6. This system contains a pair of multi-path cycles HcycE, HeycE’
attached to each other, i.e., we have

¢; € [{] € HeycE,

/ /
K} € [k] € HeycE',
hSysE = {HcycE, HeycE'}
HeycE NHeycE' = £;(0) = kj(1).

5. GOOD COVERINGS AND JORDAN CURVE THEOREM EXTENSION

This section introduces good coverings of descriptive proximity spaces and
an extension of the Jordan Curve Theorem in terms of the boundary of a path
cycle.

Definition 5.1. Let A € 2% (nonvoid subset A in a Hausdorff metric space [3,
4] X) and D(z, A) = inf {|z — a| : a € A} be the Hausdorff distance between a
point z € X and subset A [4, §22,p. 128]. The closure of A [15, §1.18,p. 40] is
defined by

cl(A)={x € X :D(z,A) =0}.

Definition 5.2. For a Hausdorff metric space X, A € 2%, let c/A be the closure
of A. Then the boundary of A (denoted by bdyA) is the set of all points on
the border of ¢/A and not in the complement of c/A (denoted by dclA). Also,
the interior of A (denoted by intA) is the set of all points in ¢/A and not on
the boundary of A, i.e,

O(clA) = X \ clA, all points in X and not in clA.

int(4) = {E €2* : ECclAand ENbdyAd=2}.

bdy(A4) = X \ (intA U OclA).

clA =bdy(A) Uint(A).
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Remark 5.3. Geometrically, a path cycle system is a necklace. The clasp of the
necklace is the vertex in the intersection of the system cycles. This is the case
in Fig. 6.

Recall that a cover of a space X is a collection of subsets E € 2% such that
X =UF [30, §15.9,p. 104 ].

Definition 5.4. A cover of a space X is a good cover, provided, X has a collec-

tion of subsets ' € 2% such that X = |JE and [\ E # @ is contractible, i.e.,
finite

all nonvoid intersections of the finitely many subsets E € 2% are contractible.

Example 5.5. For a space X in the Euclidean plane, let hSysE = {HcycE, HcycE'}
a system of path cycles in X with nonempty intersection such that a geometric
realization |hSysFE| is shown in Fig. 6. This is an example of planar Tanaka
good cover of a H(X), since

H(X) = HeycE U HeycE', and
HeycE N HeycE' = ¢;(0).
Definition 5.6. Let X be a descriptive proximity space with a probe function
® : 2% — R™. A descriptively good cover of (X, ®) is a collection of subsets
E € 2% such that X = |JF and ﬂ E # &, i.e., all nonvoid descriptive
o finite

intersections of the finitely many subsets F € 2% are descriptively contractible.

Definition 5.7. Let X be a descriptive proximity space with a probe function

® : 2% — R™. A degenerate descriptively good cover of (X, ®) is a collection

of subsets E € 2% such that X = |JF and m E # & is degenerate de-
@ finite

scriptively contractible, i.e., all nonvoid descriptive intersections of the finitely

many subsets £ € 2% are degenerate descriptively contractible.

Proposition 5.8. For a space X in the Euclidean plane, hSysE is a good cover
of H(X).
Proof. Observe that each element HeycE in hSysE is a subset of H(X) and

by the nature of hSysE, H(X) = |JHcycE and [ HcycE is a single vertex so
that it is contractible. (]

Theorem 5.9. Let F be a finite collection of closed, conver sets in Euclidean
space. Then the nerve of F' and union of the sets in F' have the same homotopy

type.
Let / bac denote the inner angle of a geodesic triangle of length |ab| , |bc| , |cal,

K
at the vertex with opposite side of length |bc|, in a simply connected complete
surface of curvature k.
A geodesic complete metric space M is an Alexandrov space (of curvature
bounded locally from below) [7, §2.1,p. 3|, provided, for each p € M, there
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exist an r > 0 and xk € R such that for any distinct four points a; € B(p,r),
i=1,2,3,4 with maxi<;<j<3 {|aoa;| + |aoa;| + |aia;|} < = if £ >0, we have

Z Zaaqa; < 2.
1<i<j<3 ®
Proposition 5.10. For a closed subset X in the Fuclidean plane with a probe
function ®, the descriptive prozimity space (X, ) is an Alexandrov space.

Proof. X is complete since it is a closed subset of the Euclidean plane. For an
element p € X, consider the unit ball B(p, 1) and take the points a1, as,as on
the boundary of B(p,1) and let x = 1 (the curvature of B(p,1), the reciprocal
of the radius). Then |pai| + |pas| + |pas| = 3 < 5 and we have éalpag +

/ aipas + / aspas = 27. O

A main result in this paper is a extension of the Mitsuishi-Yamaguchi The-
orem 5.11.

Theorem 5.11 ([7, Theorem 1.1(2), p. 8108]). FEwvery open covering 7y of an
Alexandrov space M has the same homotopy type as the nerve of any good
covering of M.

Proposition 5.12. Every descriptive prozimity space (X,d¢) with a probe
function ® : 2X — R™ in the Euclidean plane has an open covering.

Proof. For x € X and positive number € > 0, define the descriptive € neigh-
borhoud of = by letting Be(x,¢) = {y € X : d(®(z), P(y)) < €} where d is a
Euclidean distance on R™. Observe that Beg(z,¢) is open in X since, for an
element y € X, we have By(y,r) C Bg(x,€), where r = ¢ — d(®(z), (y)).
Then the collection of open sets {Bg(z,¢) : x € X, > 0} is an open covering
of X. O

Theorem 5.13. Let X be a descriptive proximity space in the Euclidean plane
with an open covering and with a probe function ® : 2% — R™. Also, let H(X)
be the collection of all homotopy classes covering space X and X = H(X).

1° If nerve of E € 29X in space X is descriptively contractible, then X
has a descriptively good cover.

20 If nerve of E € 2H(X) in space X is degenerate descriptively con-
tractible, then X has a descriptively good cover.

3° If H(X) is an Alexandrov space with an open covering, then the nerve
of H(X) and the union of sets in H(X) have the same homotopy type.

4° If H(X) is a finite collection of closed, convex sets in Euclidean space.
Then the nerve of H(X) and union of the sets in H(X) have the same
homotopy type.

Proof. 1°: For E € 2#(X) in (X, dg), we have X = |J E, since X = H(X). We
also know that all nonvoid descriptive intersections of finitely many subsets

E € 2H(X) are descriptively contractible. Hence, from Def. 5.6, H(X)is a
descriptively good cover of X.
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2°: For E € 27(X) in (X,6s), we have X = |JE, since X = H(X). We
also know that all nonvoid descriptive intersections of finitely many subsets
E € 2H(X) are degenerate descriptively contractible. Hence, from Def. 5.7,
H(X) is a degenerate descriptively good cover of X.

3°: From Prop. 5.10, X is an Alexandrov space. If X has an open covering,
then from Theorem 5.11, the desired result follows.

4°: If H(X) is a finite collection of closed, convex sets, then the desired
result follows from Theorem 5.9. g

A another main result in this paper is a fivefold extension of the Jordan
curve theorem.

Theorem 5.14 (Jordan Curve Theorem [6]). A simple closed curve lying on
the plane divides the plane into two regions and forms their common boundary.

Theorem 5.15. Let heycE (simple homotopic cycle), HeycE (multi-homotopic
cycle), hSysE (path cycle system) be in the Euclidean plane. Then

1° The boundary bdy(cl(hcycE)) satisfies the Jordan Curve Theorem.

2° The boundary bdy(ct(HceycE)) satisfies the Jordan Curve Theorem.

3° The boundary bdy(cl(hSysE)) satisfies the Jordan Curve Theorem.

4° If X = H(X) in (X,0s) has a descriptively good cover, then
bdy(cle(H(X))) satisfies the Jordan Curve Theorem.

5° If X = H(X) in (X, de) has a degenerate descriptively good cover, then
bdy(cle (H(X))) satisfies the Jordan Curve Theorem.

Proof. 1°: The boundary bdy(cf(hcycE)) is a sequence of paths on a curve
that is simple (no loops) and closed (the sequence begins and ends with the
same vertex). Hence, by Theorem 5.14, bdy(cf(hcycFE)) divides the plane into
two regions and forms their common boundary.

2°: Replace bdy(cl(hcycE)) in 1° with bdy(cl(HcycE)) and the proof is
symmetric with the proof of 1°.

3°: Replace bdy(cl/(hcycE)) in 1° with bdy(cf(hSysE)) and observe that
curve on each boundary HcycE € hSysE is a simple, closed curve attached
to the other homotopic cycle boundaries by a single vertex. Then curve on
the boundary continues along the curves of the other cycle boundaries, form-
ing an elongated curve that is both simple and closed. Hence, the boundary
bdy(cl(hSysE)) satisfies Theorem 5.14.

4°: Observe that if E € 27(X) is an element in a descriptively good covering
of H(X), then it is descriptively contractible. This is equivalent to saying that
E contains a sequence of paths on a curve that is simple and closed so that it
constitutes a multi-path cycle E, namely, HcycFE, and the descriptively good
covering is also a path cycle system, hSysE. Then the proof follows from 3°.

5°: Observe that if E € 2#(X) is an element in a degenerate descriptively
good covering of H(X), then it is degenerate descriptively contractible and
hence it is descriptively contractible by Corollary 3.26. Then the proof follows
from 4°. O
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[ (frE,0a)

HbE: 1
cycH cHa'

vy v
#“cycHb —p

\ J

(A) Vigolo Hawaiian butterfly (B) Vigolo Hawaiian butterfly HbE¢ 1
HbE; o0 in video frame space in video frame space (frE’, ds)
(frE,0s) at time t at the beginning at time t+ 0.1sec in temporal
of a temporal interval [t,t + 0, 5sec|, interval [t,t+ 0,5sec], Betti no.
Betti no. /B(HbEtoo) = 37 ﬂ(HbEtl) = 3, HbEt,oo (Scp HbEt_l.
HbE¢ o0 ds HbE¢ 1.

FIGURE 7. Persistent butterfly shapes [20] in a pair of video
frame descriptive proximity spaces

6. APPLICATION

This section briefly introduces an application of descriptively proximal nerves
in a topology of data approach to detecting close good covers of video frame
shapes that appear, disappear and sometimes reappear in a sequence of video
frames. The basic approach is to track the persistence of descriptively proximal
video frame shapes that have homotopic nerve presentations.

Definition 6.1. Let B = {g1,...} be the basis for a free group G. Also let
H(X) = {hcycE}, a collection of path cycles hcycE with nonvoid intersection
in a planar space X. A path nerve presentation is a continuous mapping

f:HX)—>G v:Zkg:vehcch

kEeZ
geB

— G(B,+),
from H(X) to a corresponding free group G.

Theorem 6.2 ([18]). Every homotopic cycle in a CW space has a free group
presentation.

Recall that a Betti number is a count of the number generators in a free
group [9, §4,p. 24].

Theorem 6.3 ([20]). Every free group presentation of nested 1-cycles nerve
has a Betti number.
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The result from Theorem 6.3 provides a stepping stone to tracking the per-
sistence of good covers of video frame shapes. A frame shape persists, provided
it continues to appear over a sequence of consecutive video frames.

Example 6.4. A pair of descriptively contractible nerves in two video frames,
each identified with a descriptive proximity space, is shown in Fig. 7. For each
frame X, let the descriptive proximity space X = H(X). From Theorem 5.13.
1°, each frame has a descriptively good cover. In that case, from Theorem 5.15.
4°, the bdy(cle(H(X))) satisfies the Jordan Curve Theorem.

In this example, a nerve is a collection of time-constrained Hawaiian butterfly
path cycles (denoted by HbE} at time ¢) with nonvoid intersection such as those
in Fig. 7. Let dg be defined in terms of the Betti number of the free groups
derived from each nerve, i.e.,

®(HbE,) = B(HbE,)

Since the free group presentations of the hcyc cycles of the Hawaiian butterflies
in Fig. 7 have the same Betti number, namely,

B(HbE; o) = B(HbE, 1) =3,

then we have
HbE; o9 0 HbE, 1.

Hence, the persistence of a particular butterfly over a sequence of video frames
can be tracked in terms of its Betti number. In this example, the butterfly
represented in Fig. 7 persists for a 10th of a second.

The motivation for considering free group presentations of polytopes (e.g.,
nested cycles with nonvoid intersection) covering frame shapes is that we can
then describe frame shapes in terms of their Betti numbers.

Frame shapes are approximately descriptively close, provided the difference
between the Betti numbers of the free group presentations of the corresponding
homotopic nerves is close. Determining the persistence of frame shapes then
reduces to tracking the appearance, disappearance and possible reappearance of
the shapes in terms of their recurring Betti numbers. For an implementation of
this approach to tracking the persistence of polytopes covering brain activation
regions in resting state (rs)-fMRI videos, see [19].

APPENDIX A. CECH PROXIMITY

A nonempty set X equipped with the relation ¢ is a Cech prozimity space
(denoted by (X,0)) [27, §2.5, p.439], provided provided the following axioms
are satisfied.

Cech Axioms

(P.0): All nonempty subsets in X are far from the empty set, i.e., A &
forall A C X.

(P.1): A B= B/ A.

(P.2): An B##@=A0B.
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(P.3): AJ (BUC)= A8 Bor A5 C.

The closure of a subset A, denoted by clA, of the proximity space X is the
set of all points in X which are near A:

cd={reX : zd A}
Note that A is closed, provided c/A = A.

Lemma A.1 ([23, p. 9]). The closure of any nonempty set E in a proximity
space X 1is the set of all points which are close to E.

We define a nearness relation on R as follows [12, §1.7, p. 48]. Two
nonempty subsets A and B of R are near if and only if the Hausdorff dis-
tance [3] D(A, B) =0, where

inf{la—b] : a€ Aand be B}, if A,B+#J,
00, if A= or B=a.

D(A,B) = {

Note that R is symmetric (or weakly regular), since R satisfies the following
condition [12, §3.1, p. 71].

(%) « isnear {y} = vy is near {z}.

In that case, this nearness relation defines a Lodato proximity dr on R by
[12, §3, Theorem 3.1]

Adp B & cfANclB # 2,

where ¢/E = {z € R : D(z,FE)=0}.
The topological space X satisfying (%) becomes a Cech-Lodato proximity
space (X,dy) where dy, is defined by

Adr B & clANclB # @,

and clE is the closure of £ C X with respect to the topology on X.
We assume that the proximity on the closed interval [0,1] is the subspace
proximity [12, §3.1, p. 74] induced by the (metric) proximity on R.

APPENDIX B. DESCRIPTIVE PROXIMITY

This section briefly gives an introduction to a framework for the introduc-
tion of descriptive proximities [1] between shapes such as profiles of faces and
butterfly wings represented as nonempty sets. A description of a shape is a
feature vector ®(E) € R™ of n real-values whose components are probe func-
tion values representing quantifiable shape characteristics. Let shE be a planar
shape of interest and f : shE — R is a probe function that returns a real value
that quantifies a characteristic of shE such as the magnitude and direction of
a distinguished vertex, which is a vector field in shF.

Example B.1. Let HbF; oy be the butterfly shape with vertex vy in Fig. 7.
In this case, vg is distinguished, since cycH, NcycHy, = vy (i.e., v is in the
intersection of a pair of cycles on the boundaries of the wings of the butterfly
shape). This vertex is an example of a vector field at a known location (z,y),
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since vg is a physical picture element with magnitude |vg| and direction 6,, in
a video frame, e.g.,
lvol = [|voll -
0y, = tan~! [Q} .
T
Then
®(HbE:.o0) = (|vo|,0.,) description of butterfly

provides a basis for checking the descriptive proximity of a pair video frame
butterfly shapes. For example, construct a similar feature vector for butterfly
shape HbE, ; that appears in a video frame a 10*" of second after the appear-
ance of shape HbFE} oo in Fig. 7. This pair shapes will be descriptively proximal,
provided

||¢(HbEt00) — (I)(HbEtl)H <eg,

for some small number. In that case, we write
(I)(HbEt_O()) (;q> (I)(HbEtl), i.e.,
this pair of butterflies is descriptively proximal.
Let f(xz) € ¥ be a characteristic such as the magnitude and direction of
the centroid that is a vector field of shE. Let x € shE. A probe function
f :shE — R such that, for each x, f(x) € ¥ quantifies a characteristic of shE.

Nonempty sets A, B C X with overlapping descriptions are descriptively
prozimal (denoted by A ¢ B), i.e.,

e € RT.
A dg B, provided |05(A4, B)| < e.
The descriptive intersection [14] of nonempty subsets in A U B (denoted by
A Q B) is defined by
i.e., Descriptions ®(A) & ®(B) overlap

A A B= {z€AUB:®(z)ed(4) N ®(B)}.

Let 2% denote the collection of all subsets in a nonvoid set X. A nonempty
set X equipped with the relation d¢ with non-void subsets A4, B,C € 2% is
a descriptive proximity space, provided the following descriptive forms of the
Cech axioms are satisfied.

Descriptive Proximity Axioms

(dP.0): All nonempty subsets in 2% are descriptively far from the empty
set, i.e., A g @ for all A € 2X.

(dP.l): A (5q> B=1HB 5‘1;. A.

(dP.2): A A B+# @ = Ads B.

(dP.3): Ady (BUC)= Ady Bor Ady C.
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Recently, a result for the descriptive conjugacy between a pair of dynamical
systems.

Definition B.2 (|21, §2, p. 388]). Let ®(E) € R™ be a vector of n real-values
that describe a nonempty set E. Two proximal descriptive continuous maps
f:(X,0e,) = (X,d0,) and g : (Y, de,) — (Y, ds,) are said to be proximal de-
scriptive conjugates, provided there exists a proximal descriptive isomorphism
h:(X,d0,) = (Y,00,) such that g o h(A) I ho f(A) for any A € 2X. The
function h is called a proximal descriptive co?fjugacy between f and g.

Corollary B.3 (|21, §2, p.391]). If there exists a descriptive prozimal con-
Jugacy between two descriptive dynamical systems, then they have isomorphic
descriptive fized sets.

ACKNOWLEDGEMENTS. The first author has been supported by the Natural
Sciences & Engineering Research Council of Canada (NSERC) discovery grant
185986 and Instituto Nazionale di Alta Matematica (INdAM) Francesco Severi,
Gruppo Nazionale per le Strutture Algebriche, Geometriche e Loro Applicazioni
grant 9 920160 000362, n.prot U 2016/000036 and Scientific and Technological
Research Council of Turkey (TUBITAK) Scientific Human Resources Develop-
ment (BIDEB) under grant no: 2221-1059B211301223.

REFERENCES

[1] A. Di Concilio, C. Guadagni, J. F. Peters, and S. Ramanna, Descriptive proximities I:
properties and interplay between classical proximities and overlap, Math. Comput. Sci.
12, no. 1 (2018), 91-106.

[2] V. A. Efremovi¢, The geometry of proximity I (in Russian), Mat. Sb. (N.S.) 31(73), no.
1 (1952), 189-200.

[3] F. Hausdorfl, Grundzige der Mengenlehre, Veit and Company, Leipzig, viii + 476 pp,
1914.

[4] F. Hausdorff, Set Theory, trans. by J. R. Aumann, Providence, RI, AMS Chelsea Pub-
lishing, 352 pp, 1957.

[5] P.J. Hilton, An introduction to homotopy theory. Cambridge Tracts in Mathematics and
Mathematical Physics, no. 43, Cambridge University Press, Cambridge, UK, viii+142
pp, 1953.

[6] C. Jordan, Cours d’analyse de I'Ecole polytechnique, Tome I-III, Editions Jacques
Gabay, Sceaux, 1991 (reprint of 1915 edition, Tome I: MR1188186,Tome II: MR1188187,
Tome III: MR1188188).

[7] A. Mitsuishi and T. Yamaguchi, Good coverings of Alexandrov spaces, Trans. Amer.
Math. Soc. 372, no. 11 (2019), 8107-8130.

[8] L. Mosher, Tiling the projective foliation space of a punctured surface, Trans. Amer.
Math. Soc. 306, no.1 (1988), 1-70.

[9] J. R. Munkres, Elements of Algebraic Topology, 2"¢ Ed., Perseus Publishing, Cam-
bridge, MA, ix + 484 pp, 1984.

© AGT, UPV, 2023 Appl. Gen. Topol. 24, no. 1 44



Proximal path cycles

[10] S. A. Naimpally and B. D. Warrack, Proximity Spaces, Cambridge Tract in Mathematics
No. 59, Cambridge University Press, Cambridge Uk, x+128 pp, 1970.

[11] S. A. Naimpally and J. F. Peters, Preservation of continuity, Scientiae Mathematicae
Japonicae 76, no.2 (2013), 305-311.

[12] S. A. Naimpally and J. F. Peters, Topology with Applications. Topological Spaces via
Near and Far, World Scientific, Singapore, 2013.

[13] J. F. Peters and S. A. Naimpally, Applications of near sets, Notices of the Amer. Math.
Soc. 59, no.4 (2012), 536-542.

[14] J. F. Peters, Near sets: An introduction, Math. in Comp. Sci. 7, no. 1 (2013), 3-9.

[15] J. F. Peters, Topology of Digital Images. Visual Pattern Discovery in Proximity Spaces,
Intelligent Systems Reference Library 63, Springer, xv + 411pp, 2014.

[16] J. F. Peters, Computational Proximity. Excursions in the Topology of Digital Images,
Intelligent Systems Reference Library vol.102, Springer, xxviii + 433 pp, 2016.

[17] J. F. Peters, Vortex nerves and their proximities. Nerve Betti numbers and descriptive
proximity, Bull. Allahabad Math. Soc. 34, no. 2 (2019), 263-276.

[18] J. F. Peters, Homotopic Nerve Complexes with Free Group Presentations, Int. On-
line Conf. Alegebraic and Geometric Methods of Analysis, 25-28 May 2021, Odesa,
Ukraine, Institute of Mathematics of the National Academy of Sciences of Ukraine, Taras
Shevchenko National University of Kyiv, Kyiv Mathematical Society, dedicated to the
memory of Yuriy Trokhymchuk, 110-111.

[19] J. F. Peters, E. Inan, A. Tozzi, and S. Ramanna, Bold-Independent Computational
Entropy Assesses Functional Donut-Like Structures in Brain fMRI Images, Frontiers in
Human Neuroscience 11, (2017), 1-38.

[20] J. F. Peters, Temporal Proximity of 1-cycles in CW Spaces. Time-Varying Cell Com-
plexes, Fund. Contemp. Math. Sci 2, no. 2 (2021), 1-20.

[21] J. F. Peters and T. Vergili, Fixed point property of amenable planar vortexes, Applied
General Topology 22, no. 2 (2021), 385-397.

[22] V. Puisséux, Recherches sur les fonctions algbriques, Journal de mathématiques pures
et appliq 15 (1850), 365—480.

[23] Ju. M. Smirnov, On proximity spaces, Math. Sb. (N.S.) 31, no. 73 (1952), 543-574
(English translation: Amer. Math. Soc. Trans. Ser. 2, 38 (1964), 5-35).

[24] Ju. M. Smirnov, On proximity spaces in the sense of V. A. Efremovi¢, Math. Sb. (N.S.)
84, (1952), 895-898 (English translation: Amer. Math. Soc. Trans. Ser. 2, 38, (1964),
1-4).

[25] R. M. Switzer, Algebraic topology — homology and homotopy, Springer, Berlin, xii4+526
pp, 2002.

[26] K. Tanaka, Simple homotopy theory and nerve theorem for categories, Topology Appl.
291 (2021), 1-23.

[27] E. Cech, Topological Spaces, John Wiley & Sons Ltd., London, 1966 (fr seminar, Brno,
1936-1939; rev. ed. Z. Frolik, M. Katétov).

[28] R. Vanden Eynde, Historical evolution of the concept of homotopic paths, Arch. Hist.
Exact Sci. 45, no.2 (1992), 127-188.

[29] F. Vigolo, The geometry and topology of wide ribbons, University of Oxford, UK, Balliol
College, 207 pp, 2018 (Supervisor: Cornelia Drutu).

[30] S. Willard, General Topology, Dover Pub., Inc., Mineola, NY, xii + 369pp, 1970.

© AGT, UPV, 2023 Appl. Gen. Topol. 24, no. 1 45



