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ABSTRACT

We introduce the concept of g-ordered proximal nonunique contraction
for the non self mappings and then obtain some proximity point results
for these mappings. We also furnish examples to support our claims.
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1. INTRODUCTION

In 1922, a polish mathematician Stefan Banach [9] established the Banach
contraction principle (BCP) which has been a cynosure in the field of fixed
point theory. The principle states that every contraction self-mapping 7' on
a complete metric space (X, d) has a unique fixed point. It states the con-
traction condition as d(Tx,Ty) < cd(z,y), where z,y € X(0 < ¢ < 1). Also,
every Picard sequence in X converges to a fixed point of T. BCP has various
generalizations, extensions and applications given by eminent mathematicians.
Since, the solution of nonlinear systems that are frequently used to solve real-
life problems may not be unique. Therefore, theorems that do not guarantee
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the uniqueness of the fixed point are also considered. In 1974, Ciri¢ [18] proved
a nonunique fixed point theorem for self-mapping 7" on a complete metric space
(X, d) which satisfies the following contraction:

min{d(Tz, Ty),d(z, Tx),d(y, Ty)} — min{d(z, Ty),d(y, Tz)} < qd(z,y)

for all z,y € X and 0 < ¢ < 1. But if T is not a self mapping, then the
solution of the equation Tx = x may or may not exist. This was one of the
major problem of research during the past few decades. In this case one tries
to find a point x that is close to Tz in some way. Basha and Veeramani
[12] introduced the following notion. Let A and B be nonempty subsets of
a metric space (X,d) and T : A — B is a non-self mapping. Then a € A
is said to be a best proximity point if d(a,Ta) = d(A, B), where d(4, B) =
inf{d(a,b) : a € A,b € B}. Later, Basha [10] presented sufficient conditions to
get the existence and uniqueness of best proximity point of T by considering the
proximal version of the BCP. Recently, several mathematicians proved some
novel best proximity point results in different metric space settings (see, for
instance [3, 4, 5, 11, 21, 28, 30, 31, 32]).

Kurepa [26] introduced novel abstract metric spaces by defining a metric
which takes values on an ordered vector space. After that several mathe-
maticians introduced various vector valued metric spaces (see, for instance
[16, 17, 27]). In 2007, Huang and Zhang [23] replaced the set of real numbers
with an ordered Banach space to define the notion of cone metric spaces. Sev-
eral fixed point results have been obtained in the setting of cone metric spaces
using various contraction conditions ([1, 2, 6, 7, 8, 15, 19, 20, 22, 24, 25]). In
2014, Xin and Jiang [33] introduced a generalization of Banach spaces namely,
noncommutative Banach spaces, and proved some fixed point results. Recently,
Beg et al. [14] proved some best proximity point results in noncommutative
Banach spaces. Also, Rawat et al. [29] proved some fixed point results in
noncommutative Banach spaces.

In this paper, combining the ideas of Ciri¢, Basha, and Xin and Jiang we ob-
tain some nonunique best proximity point results in noncommutative Banach
spaces. We first present the notion of g-ordered proximal nonunique contrac-
tions on noncommutative Banach spaces and prove several best proximity point
results for g-ordered proximal contractions. Examples are also provided to show
the significance of our results.

2. PRELIMINARIES

In this section, we give some basic preliminaries regarding noncommutative
Banach spaces (see [33]).

Definition 2.1 ([33]). Let X be a group with a unit element e and (X, d) be
a complete metric space. Space X is called a noncommutative Banach space if
it satisfies the following conditions:

(1) d(zz,yz) = d(z,y) for any z,y, z in X.
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(2) There exists S : R x X — X, defined as S(o,x) = z* such that
S(—1,x) is inverse of  , S(0, x) is unit element e, in the group X, and

S(pg,x) = S(p,S(g;x)),  Sp+q,2) =5(p,2).5(¢, )
for all p,g € R, x in X.
(3) For each z in X, there exists a constant M, > 0 such that

d(z%,e) < Mo, for all a € R.

In case, if there exists M > 0 such that d(z*,e) < M|a/, for all  in X, « in
R, then X is called uniformly bounded.

Every uniformly bounded noncommutative Banach space X is bounded.
Take o = 1, then d(z,e) < M, now using the triangle inequality we obtain
d(z,y) < 2M. Tt further implies that X is bounded.

Example 2.2. Consider the group R™ with respect to addition with usual unit
element (0,0,---,0) and define
—_——

n — times

n
1 |l"i—yi|
d = e S
(x,y) ;2ll+|xi—yi|’

for & = (z1,22, ..y ),y = (Y1, Y25 -, Yn) € R™. Obviously, R" is a complete
metric space. For x = (z1, T2, ..., 2n),y = (Y1, Y2, -, Yn) and z = (21, 22, ..., 25 ) €

R"™, we have

n

=l @mitz) - (i)
d(zz,2y) = Z§1+ (@i + 2i) — (yi + 21| = d=y)-

i=1
Now define S : R x R — R"™ as S(a,x) = azx, we have S(—1,z) is additive
inverse of z, S(0,z) is unit element (0,0,---,0) in the group R™ and it is
[ —
n — times

obvious that
S(pq,x) = S(p,S(q,x)), S(p+q,z) = S(p,x).S(q,x),

for all p,q € R. Now, we have to prove that for any = (x1,x2, ...,z,) in R",

there exists a constant M, > 0 such that d(kz,e) < My|k|, for k € R, where
e

e is unit element in R”. We know that d(kz,e) = > ., %H\kl\wi\' Taking
1 if each x; = 0, . .

M, = n 1 ER . , the inequality clearly holds. Thus, R™
D im1 3T TRz otherwise

is a noncommutative Banach space.

Definition 2.3 ([33]). Let E be a nonempty subset of a noncommutative
Banach space X satisfying:

(1) Eis closed and E # {e}.

(2) z,y € Eand o, B € RY = 2298 € E.

(3) ENE~! = {e}, where E~1 = {2712 € E}.
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Then F is called a cone in X.

Let E be a cone in a noncommutative Banach space X, then an order relation
is introduced as follows:

<y < yPx7P c Eforall Bel0,1]. (2.1)

Order ‘<’ is a partial ordering with respect to E. Also we have:

(i) For x € X, 2P27# = 2% = e € E for all B € [0,1]. It further implies that

(i) f  <yand y < z, then y%278 € E and (y?27%)~! = 28y=" € E for all
B €10,1]. By ENE~! = {e}, we obtain y” = 2”, which further implies
that y = x.

(iii) If <y and y < 2, then y?2=P € E and 2%y=% € E for all 8 € [0,1],
using condition 2 in definition 2.3 we have z%27% € E, ie. 2 < 2.

Definition 2.4 ([33]). A cone E C X is said to be normal, if there is a number
N > 0 such that

eSSz Sy = d(z,e) = Nd(y,e) for all z,y € X.

Normal constant of E is the least number N satisfying the above condition.
Clearly N > 1.

Remark 2.5. Let E be a cone in a noncommutative Banach space X and x €
FE,a € R, then the following condition holds:

x<ax% a>1,
z* Sz, a<l.

Also, for any § € [0,1], if @ > 1, then (z*)?2=% = 2(*=18 ¢ E. Therefore we
have z < z%; if a < 1, then 2°(2*)~# = 2(1=)# ¢ E, which implies z* < z.

For z,y € X, if either x < y or y < x holds, we say that x and y are
comparable, denoted

< <
Vie,y) =3P =Y and Ay =" TV
r, ySw Yy, ySw

Lemma 2.6 ([33]). Suppose that E is a cone in a noncommutative Banach
space X. For u,v € X, we have:

(1) Let u Sw, then u® S v®, for any 0 < a < 1.

(2) If u and v are comparable, then V(uv=1 vu=1) exists and furthermore
e < V(uwwtou ).

(3) If u and v are comparable, then d(V(uv=t,vu™t),e) = d(u,v) exists.

(4) Let {un}, {vn} be two sequences in X, u,, and v, be comparable for all
n € N. If u, — ug, v, — vg, then ug and vy are comparable.
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Henceforth, we give some notations for subsequent use. If F' and G are
nonempty subsets of X, then
d(u, G) = inf{d(u, 0) : 0 € G}, where u € F,
Fo={p € F:d(u, o) =d(F,G) for some g € G},
Go={0€ G:d(u, o) =d(F,G) for some y € F}.

Whenever U and V are closed subsets of a normed space X and d(U,V) > 0
then Uy and V; are subset of boundaries of U and V respectively.

Definition 2.7 ([13]). A set V is said to be approximately compact with
respect to U, if every sequence {o,} of V with d(u, 0,) — d(u, V) for some
u € U has a convergent subsequence.

Definition 2.8 ([14]). Let T : U — V be a mapping. T is said to be proximal
comparable if

1S

d(yl, T.Tl) d(U,

d(yQ,Tﬂfg) = d(U,

where x1, 9,y and yo € U.

)
V) imply  y1 S v,
V)

3. MAIN RESULTS

Throughout in this section, we always suppose that (X, d) is a noncommu-
tative Banach space with a partial ordering ‘<’ induced by a normal cone E
with the normal constant N.

Definition 3.1. Let (X, d) be a noncommutative Banach space, U, V(# ¢) be
two subsets of X, T : U — V be a mapping and « € U. Then Qr(z), the set
of iterative sequences such that

Qr(z)={z, CU : 20 =x,2, S Tpy1 and d(xy 1, Tx,) = d(U, V) for alln € N}
is called the comparable orbit of x.

Definition 3.2. Let (X,d) be a noncommutative Banach space, U,V (#£ ¢)
be two subsets of X. A mapping T : U — V is said to be best comparable
orbitally continuous at a point z* € U if for every z € U and {z,} € Qr(z)
the following holds

T, — x* implies Tz, — Tx", as i — 0o,

for any subsequence z,, of x,. If at every point of U, the mapping T is best
comparable orbitally continuous, then T is said to be best comparable orbitally
continuous on U.

Definition 3.3. Let (X,d) be a noncommutative Banach space, U,V (#£ ¢)
be two subsets of X, T : U — V be a mapping. The set U is said to be
T-best comparable complete, if for all € U and {z,,} € Qr(z), every Cauchy
subsequence z,, of x,, converges to a point in Uyp.
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Definition 3.4. Let (X, d) be a noncommutative Banach space, U, V(# ¢) be
two subsets of X, T : U — V and g : U — R are two mappings, if for each
x € U and {z,,} € Qr(z) the following holds

Tn, — x* implies g(z*) < lim inf g(z,,), as i — oo,
71— 00
for any subsequence x,, of x,, then g is said to be best comparable orbitally
lower semicontinuous at * in U. If the mapping g is best comparable orbitally

lower semicontinuous at every point in U, then it is said to be best orbitally
lower semicontinuous on U.

Lemma 3.5. Let (X,d) be metric space, T : U — V be a mapping, where
UV (# ¢) C X. If mapping T is best comparable orbitally continuous on U,
then g : U — R defined as g(x) = d(x,Tx) is best comparable orbitally lower
semicontinuous on U

Proof. By taking sequence {z,} in Qr(z), following the lines of the proof of
Lemma 1 in [31]. O

Remark 3.6. The converse of above Lemma 3.5 may not be true. For this fact
we are presenting the following example.

Example 3.7. Let X = R?(R be the set of real numbers). Define
d(z,y) = |21 — y1| + [z2 — y2|

for every x = (x1,72),y = (y1,y2) € R%. Define comparability of (z1,22) and
(y1,y2) as

(r1,22) S (y1,92) if and only if 21 <y and x < yo.

Suppose

U— {(—io) :neN}u{(o,O)}
(

1 1
V_{<—nﬂ>,—n,4>.neN}uﬂQU4m—U}
We have d(U,V) = 1. Now, define T : U — V as T'(0,0) = (0,1) and

1
1 —1,1), if n is odd
T<J) ”T
n — ,—1) , if n is even.
n+1

Let = (—1,0), then we have
Qr(z)={z, CU 129 =2, S Tpt1 and d(xp11,Tx,) = d(U, V) for all n € N}

(COEEY
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1
Now, suppose {z,} = {(—,0)} € Qr(x), as n — oo, x, — (0,0). But
n

lim Tz, does not exist, i.e. mapping T is not best comparable orbitally
n—oo

continuous at (0,0). Notice that, g(z) = d(z,Tx) is best comparable orbitally
lower semicontinuous at each point of V.

Definition 3.8. Let (X, d) be a noncommutative Banach space, U, V(# ¢) be
two subsets of X, T : U — V be a mapping. Space (X,d) is said to satisfy
orbitally g—property, if for each € U and a sequence {z,} in Qr(x) with
limz, — z* as n — oo, there exists a subsequence {z,,} of {z,} and an
element ¢ € Uy, with d(t,Tz*) = d(U, V) such that

\/(xnkt_l, tx;kl) < \/(:Enkx*_l, x*_lx;kl)q

Definition 3.9. Let (X,d) be a noncommutative Banach Space and ¢ #
U,V CX. Amapping T : U — V is said to be g-ordered proximal nonunique
contraction if there exists ¢ € (0,1) such that for all yq,ys, 1,22 in U, if x;
and x5 are comparable, then

d(y1, Tz1) =d(U,V) . -1 < —1 1y
d(y2, Tx2) = d(U, V) imply M(z1,z2,y1,y2)N " " (z1,22,y1,y2) S V(z125 ~, 2227 )%,

(3.1)
where

M(z1,22,91,92) = AV (y1ys vy D) V(@ e ), Vieeys ' yeas )}
and

N(.’L‘l, 37271/17y2) = A{v(m2y;1,y1$51)5 \/(xly;l’ mlygl)}

Theorem 3.10. Let U,V (# ¢) be two subsets of a noncommutative Banach
space (X,d) and V' be approximately compact with respect to U. Suppose T :
U — V is a prozimal comparable mapping satisfying the conditions:

1. T(Uy) C V.

2. There exist xg,x1 € Uy such that d(xo, Tx1) = d(U,V) and xg S 7.

3. Mapping T satisfies q-ordered proximal nonunique contraction condition.

4. U is T-best comparable orbitally complete and g(x) = d(x,Tx) is best
comparable orbitally lower semicontinuous on U.

Then, T admits a best proximity point in U.

Proof. From condition (2), there exist xq,z1 € Uy such that

d(x1,Txo) =d(U,V) and x¢ < 7. (3.2)
Since T'(Up) C Vp, there exists zo € Uy such that
d(zq,Tz1) = d(U, V). (3.3)

As T is proximal comparable mapping, therefore, from (3.2) and (3.3), we have
21 S oo,
Again, T(Uy) C Vp, so there exists x3 € Uy such that
d(zs, Tzo) = d(U, V). (3.4)
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Now, T is proximal comparable mapping and x;
and (3.4), we have

< xg, therefore, from (3.3)

~

a2 S T3
On repeating the above process, we get {z,} C Uy such that
d(xp41,Tx,) =d(U, V) and z,, < x4 for all n € NU{0}. (3.5)
Suppose d(Zpy, Tng+1) = 0 for some ng, then z,, = x,,+1 and we have
A Xpy, Txp,) = d(U,V), ie. x,, is a best proximity point of 7. So, we as-
sume that d(xp41,2,) > 0 for n > 0. Now, as T is a g-ordered proximal
nonunique contraction, therefore, from (3.5), we have
M(zn—ly Ly Ln, xn+1)N71(fEn—17 Ty Tn, In+1) ,S \/(In—lxgl, fvnfl?;il)q,
for all n € NU {0} and so we have
(/\{\/(Cbnl‘;}rl, $n+11‘;1)7 v($n71$;17 xnflffﬁl)})(/\{\/(ea e), V(xn,1$;i17
Zno12 ) )T S Vianzy ! wan )
Now, by the reflexivity of partial ordering < in P, z,—1 and z,41 are compa-
rable and using Lemma 2.6, we have

/\{\/(mnx;}rl, anrlx;l)v V(xn,1x7_117 xnflxgl)} S V(xn—1x517 xnxgil)q.

Since ¢ < 1, V(zp_12; Y 22, b)) S V(T2 2,1 )9 is impossible, so we
have

~1 —1 -1 ~1
V($n$n+1,$n+1l’n )S \/(xnflxn 7‘rnxn71)q’

Again using Lemma 2.6, we have

—1 —1 -1 -1
€ 5 v(xnxn+l7x’ﬂ+1wn ) 5 V(.Q?n,l,l‘n 7xn$n—1)q

n

< V(zoryt magH)? .
Since P is a normal cone with N as a normal constant,
d(v(mnx;il, mn+1x;1), e) < N.d(\/(xoajl_l, mlxal)qn, e).
Using Definition 2.1 and Lemma 2.6, we have
d(xp, Tpt1) < N¢".d(xg,21), n=0,1,2,---
Then for n,p € N we have

A(@ptps ) < NG (@" '+ 772+ + g+ 1)d(21, 20)

N.q"
= 1 _qq(l — qp)d(ﬂfl,l‘o).

Since ¢ € (0, 1), therefore, we conclude that {z,} is a Cauchy sequence. Now,
U is T- best comparable orbitally complete, then there exists * € Uy such
that

T, — ¥ as n — oo.
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In addition, from (3.5), we have
d(z*, V) <d(z*,Txy)
<d(z*,zpy1) + d(@pnt1, Tay)
=d(z", 2pq1) +d(U, V)
<d(z*,zpy1) +d(x*, V),
as n — oo, d(z*,Tx,) — d(z*,V). Now, V is approximately compact with

respect to U, there exists {Txy, } of Tz, such that Tx,, — ~ for some v in V.
Also, using (3.5), we have

d(z*,v) =d(U, V).

On other hand, since g(z) = d(x, Tx) is best comparable orbitally lower semi-
continuous on U, we have

d(U,V) < d(z*,Tz")

— g(a")

< liminf g(z,,)

= liminf d(z,,, Tzn,)

= d(z",7)

=d(U,V).
Hence, we have d(z*, Tx*) = d(U,V), i.e. «* is a best proximity point of T. [
Example 3.11. Let X = R? (R be the set of real numbers). Define

d(z,y) = V]x1 — y1 ]2 + |22 — v 2,

for every x = (z1,22),y = (y1,92) € R% Clearly, (R?d) is a complete metric
space and it is also a noncommutative Banach Space. Let E = {(x1,72) € R? :
x1,x2 > 0}. The partial ordering in R2 with respect to cone E is defined as

(r1,22) S (y1,92) if and only if z; <y and x < yo.
Now, suppose U = {(—z+,0) : n € N}U{(0,0)} and V = {(—35,2), (3¢, —2) :
ne N} U {(05 2)7 (07 _2)}
Define T : U — V such that

7(0,0) = (0,2),
1 -1 1 is odd
T(_770): ( 3n1+1, ), IllS.O ,
3 (—3mr,—1), nis even.

It is clear that d(U,V) =2, Uy =U and V5 = V.

We can easily observe that T(Uy) C Vp and as V is compact, so it is also
approximately compact.

The only cases in which d(x, Ty) = d(U, V) for any x,y € X are d((0,0),7(0,0)) =
d(U,V) and d(zp41,Tzyn) = d(U,V), where n € N. In all the cases, clearly the
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contraction condition is satisfied, for example take z; = (—32,0), x5 = (—=,0),
y1 = (—32,0) and y» = (—35,0) then (3.1) becomes

w((50) (50)-(50)- (50)) 7 ((50) ()
() (3 () (20) () (4) )

(9 (2 (29 (29)- (2
(A o) ()

Therefore, (3.6) reduces to (%,O) < (%,O)q, which is true for ¢ = % since

1
2—27 < %2and 0 < 0. Similarly, in all the cases the contraction condition will
be satisfied. Also, all other conditions of Theorem 3.10 are satisfied. Hence, T

admits a best proximity point which is (0, 0).

Theorem 3.12. Let U,V (# ¢) be two subsets of a noncommutative Banach
space (X,d) with orbitally g—property and V' be approzimately compact with
respect to U. Suppose T : U — V is a proximal comparable mapping satisfying
the conditions:

1. T(Up) C V.

2. There exist xg,x1 € Uy such that d(xo, Tx1) = d(U,V) and xg S 7.

3. Mapping T satisfies q-ordered proximal nonunique contraction condition.

4. U is T-best comparable orbitally complete.

Then, T admits a best proximity point in U.

Proof. Following the lines of proof of Theorem 3.10, we have a Cauchy sequence
{zn} in Qr(z0). Since U is T- best comparable orbitally complete, then there
exists z* € Uy such that

T, — ¥ as n — oo.

In addition, we also have as n — oo, d(z*, Tx,) — d(z*,V).

Now, V is approximately compact with respect to U, so there exists a subse-
quence {Tx,, } of {Tx,} such that {Tx,, } — v for some v in V. Also, using
(3.5), we have

d(z*,v) = d(zn,+1,Txy,) = d(U, V) for each k,
which implies z* € Uy. Since T'(Up) C V, we have
d(t,Tx*) = d(U,V) for some element ¢ € U. (3.7
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Now, from orbitally g—property, there exists a sequence {x,, } of {x,} such

that

x—1 * 71)(1

V(@ t™ "t ) S Vg, oty

~

From Lemma 2.6 we have

e < \/(xnktfl,tx;kl) < \/(xnkx**lﬂ*x;:)q.

Hence
d(t,xp,) = d(V(zp, t ™ tay b)) < Nd(V(zg, 2™ ¥z, )9 e) < Nogd(zn,, z*).
So d(t,z*) =0, as k — oo, i.e. t = z*. From (3.7), we have

d(z*,Tx*) =d(t, Tz*) = d(U,V),

i.e. T has a best proximity point z* in U.
O

Theorem 3.13. Let U,V (# ¢) be two subsets of a noncommutative Banach
space (X, d). Suppose T : U — V is a proximal comparable mapping satisfying
the conditions:

1. T(Up) C V.

2. There exist xg,x1 € Uy such that d(zo,Tz1) = d(U,V) and zo < 1.

3. Mapping T satisfies q-ordered prozimal nonunique contraction condition.

4. U is T-best comparable orbitally complete and T is best comparable or-
bitally continuous on U.

Then, T admits a best proximity point in U.

Proof. Following the lines of proof of Theorem 3.10, we have a Cauchy sequence
{zn} in Qr(zo). Since U is T- best comparable orbitally complete, then there
exists z* € Uy such that

T, — ¥ as n — oo.
Now as T is best comparable orbitally continuous on U. Therefore, we have
Tz, — Tx* as n — oo.
So, we obtain
d(z*,Tz*) = nl;rréo d(xpy1, Txy) = d(U, V),
i.e. T has a best proximity point z* in U. (]
Example 3.14. Let X = R? (R be the set of real numbers). Define
d(z,y) = o1 — y1| + |22 — v2

for every x = (x1,72),y = (y1,y2) € R% Clearly, (R?, d) is a complete metric
space and it is also a noncommutative Banach Space. Let E = {(x1,72) € R? :
x1, 72 > 0}. The partial ordering in R? with respect to cone E is defined as

(z1,22) S (y1,y2) if and only if z1 < y; and zo < ys.
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Now, suppose
1
U:{(l,O),(2,0)}andV:{(l,l),(2,1)}U{ 1+—,—-1):neN,n>3,.
n

Define T : U — V such that T(1,0) = (1,1) and T(2,0) = (2,1). It is clear
that d(U,V) = 1, Uy = U and

1
V():V\{<1+n,—1>:neN,n23}.

We can easily observe that T(Uy) C Vp and other conditions of Theorem 3.13
can be easily verified. Hence, T admits a best proximity point. Indeed, every
point of U is a best proximity point.

It is important to notice that Theorem 3.10 and 3.12 can not be applied here,

1
because considering z = (1,0) € U and the sequence {z,} = { <1 + — —1) } -

1
V, it is clear that lim d((1,0),(1+ —,—1)) = 1 =d(U, V), but the sequence
n— o0 n

{z,} does not have any convergent subsequence in V, i.e. V is not approxi-
mately compact w.r.t. U.
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