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ABSTRACT

We show that for a nice partial action n with closed domain of a compact
group G on a profinite space X the orbit space X/ ~¢ is profinite,
this leads to the fact that when G is profinite the enveloping space
X¢ Is also profinite. Moreover, we provide conditions for the induced
quotient map g : X — X/ ~qg of n to have a continuous section.
Relations between continuous sections of wg and continuous sections
of the quotient map induced by the enveloping action of n are also
considered. At the end of this work, we prove that the category of
separately continuous actions on profinite spaces is reflective in the
category of separately continuous actions on compact Hausdorff spaces.
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1. INTRODUCTION

A topological space X is called profinite if there exists an inverse system of
finite discrete spaces for which its inverse limit is homeomorphic to X, equi-
valently, X is profinite if it is compact, Hausdorff and zero-dimensional (that
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is, X has a basis of clopen subsets). A topological group is profinite if it is
profinite as a topological space. Important examples of profinite groups and
profinite spaces are the group of p-adic integers, where p is a prime number, the
Galois group on an arbitrary Galois extension, fundamental groups of connected
schemes, and the set of connected components of a compact Hausdorff space.
For details about profinite spaces and profinite groups, the interested reader
may consult [14] or [18].

On the other hand, partial actions of groups appeared in the context of
C*-algebras in [5] and [12], in which C*-algebraic crossed products by partial
automorphisms were introduced and studied by analyzing their internal struc-
ture. Partial actions of groups have also appeared in other contexts, such as the
theory of operator algebras, Galois cohomology, Hopf algebras, Polish spaces,
the theory of R-trees and model theory (see [4] and [8] for a detailed account
of recent developments about partial actions).

A relevant question is whether a partial action is obtained as restriction of a
corresponding collection of total maps on some superspace. In the topological
context this is known as the globalization problem, and was studied in [2] and
[10]. They showed that for any partial action n = {ny}4ec of a topological
group G on a topological space X, there is a topological space Y and a conti-
nuous action p of G on Y, such that X is embedded in Y and 7 is the restriction
of ; to X. Such a space is called a globalization of X. It is also shown that
there is a minimal globalization X called the enveloping space of X. However,
structural properties of X are not in general inherited by X¢, for instance, in
[9], it is shown that the enveloping space of a partial action of a countable group
on a compact metric space is Hausdorff if and only if the domain of each 7,
is clopen for all g € G. While assuming that both X and G are Polish spaces,
sufficient conditions for X¢ to be Polish are established in [15]. Likewise, in
[19] it was proven that the globalization of a partial action on a connected 2-
complex may result in a complex which is not connected. Therefore, a natural
problem is to establish which properties of the space X are also satisfied by
the space Xg.

The present work is structured as follows: After the introduction, we pro-
vide in Section 2 the necessary background and notations about (set theoretic)
partial and topological partial actions, and their corresponding globalization.
We give some preliminary results that will be needed in the work. Also, we
introduce the category of continuous partial actions of a group G on topological
spaces, which we will denote as PA¢g, and we will show that PAg is a category
with products. In Section 3 we work with partial actions on a profinite space
X and we present in Theorem 3.1 a sufficient condition for the space X/ ~¢
to be profinite, where ~¢ is the orbit equivalence relation determined by the
partial action, as given in equation (2.8). Later, we treat the problem of finding
a continuous section to the quotient map ng : X — X/ ~¢g and we show the
existence of such a section when the group G is profinite (see Theorem 3.6),
extending the classical result on continuous and free (global) actions. It is im-
portant to notice that continuous sections have been relevant in the context of
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partial actions, for instance, in [6] continuous sections of Banach bundles play
a crucial role in the characterization of continuous twisted partial actions of
locally compact groups on C*-algebras.

The goal of the second part of Section 3 is to find relations between con-
tinuous sections of the quotient map w¢ and I¢, respectively (being I the
corresponding quotient map induced by the globalization). We show how to
find a continuous section of Il having a continuous section of wg. It is im-
portant to remark that the converse does not seem to be true, that is, having
a continuous section of IIg does not seem to imply that 7 has a continuous
section; ftems (ii) and (iii) of Proposition 3.9 deal with this problem (see also
Proposition 3.10). We finish this work with Section 4, which has a categorial
flavor. Indeed, we show in Proposition 4.5 that PAg is a category with in-
verse limits. Since the globalization problem is closely related to a reflectivity
property (see Proposition 4.4), being the globalization a reflector, in [11] the
authors studied the problem of when the corresponding reflector of the category
of partial group actions on sets with an algebraic structure to a subcategory
of global actions, is a globalization. In our case, we deal with some categories
related to global actions of G on compact Hausdorff and profinite spaces, and
we show in Proposition 4.8 that the category of separately continuous actions
on profinite spaces is reflective in the category of separately continuous actions
on compact Hausdorff spaces.

2. PRELIMINARIES ON PARTIAL ACTIONS

In this section we establish our conventions about partial actions and we
prove some results that will be useful throughout the work. We start with the
following definitions:

Definition 2.1. Let A, B, X be sets. We say that f : A — B is a partial
function if there exists C' C A such that the restriction of f to C' is a function.
A partial set action of A on X is a partial function A x X — X given by
(a,z) — a-x, for all @ € A and = € X, such that a - x is defined, which we
denote by da - x.

Definition 2.2 ([10, p. 87-88]). Let G be a group with identity element 1 and
X be a set. A partial action of G on X is a partial set action 17 of G on X such
that for each g, h € G and = € X the following assertions hold:

(PA1) If 3g - o, then 3g~! - (g-x) and g~ - (g - 2) = =,

(PA2) If 3g - (h - x), then 3(gh) -z and g- (h-z) = (gh) - z,

(PA3) 31 -z and 1-x = z.

It is said that G acts (globally) on X if g -, for all (g,2) € G x X.

Given a partial action n of G on X, g € G,z € X and U C X; we set:

e GxU ={(g,u) € GxU|3Jg-u}. In particular, G * X is the domain
of n,
e Xy={zeX |39 z}.

© AGT, UPV, 2024 Appl. Gen. Topol. 25, no. 1 145



L. Martinez, H. Pinedo and A. Villamizar

Then 7 induces a family of bijections {ng: X;-1 >z — g-2 € X }4eq, such
that 7, is the identity of X and 1,1 = 179_1. We also denote this family by
1. The following result characterizes partial actions in terms of a family of
bijections:
Proposition 2.3 ([17, Lemma 1.2]). A partial action n of G on X is a family
of bijections n = {ng: Xg-1 = Xg}geq, where Xq C X, for all g € G; such
that:

(i) X1 =X and n; = idx,

(ii) ng(ng NXy) =X,NXgn,

(iii) ngnn: Xp-1NXp-14-1 = XgNXgpn, and ngnn = ngn in Xp-1 N Xp-14-1,
forall g,h € G.

Given z € X and U C X we set:

G"={geG|3g-z}, GY=]G" (2.1)
uelU
and
GV - U={g-u|ueclUgecG"}. (2.2)

Then U is called G-invariant if GV - U C U.
The next lemma will be useful in our work:

Lemma 2.4. Let 7 be a partial action of G on X and U a nonempty subset of
X, then the following statements are true:
() n(G*xU)=GY-U,
(ii) GY - U and its complement are G-invariant,
(i) If U is G-invariant, then the restriction n [y is a partial action of
G on U.

Proof. Statements (i) and (iii) are straightforward. To show (ii) Let A := GY-U
and B := X \ A. Given a € A, there are u € U and g € G* such that a = g - u;
thus, for all h € G*, one gets by (PA2) that hg € G* and h-a = (hg) -u € A,
then GA- A C A C GA- A and A is G-invariant. On the other hand, given
b€ Band g € G” such that g-b=a € A, it follows by (PA1) that g~ € G°
and b =g '-a€ GA A=A hence (GP-B)NA = @, so that GE - B C
(X\ A) = BC G®. B, and B is G-invariant.

O

Remark 2.5. As a consequence of ftem (i) in Lemma 2.4, the following formula
holds:
GU-U= ] n(UnXg).
geGUY

From now on in this work, G will denote a topological group and X a
topological space. We endow G x X with the product topology and G * X with
the subspace topology. Moreover, 1 : G * X — X will denote a partial action.
It is said that 7 is:

o topological, if X, is open and 74 is a homeomorphism, for all g € G
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e continuous, if 1 is a continuous map;
e nice, if n is continuous and G * X is open in G x X.

We proceed with the following lemma:

Lemma 2.6. Let n be a partial action of G on X. The following assertions
hold:

(i) If n is topological and U is an open subset of X, then the set GV - U
defined in Remark (2.5) is open,
(ii) If G* X is clopen, then X, is clopen, for all g € G.

Proof. (i) It follows from the fact that for every g € G the set X is open, 7,
is a homeomorphism and GV - U = |J n74(U N X,-1) as observed in Remark
geGY
2.5. For (ii) take g € G, first let us prove that X, is closed. Indeed, if Xj = X
this is clear. Otherwise, take z € X \ X, and since G * X is closed, there exist
open sets U C G and V C X such that (g7, 2) € UxV C (G*X)¢. Moreover,
ify €V then (g7, y) ¢ G* X and y ¢ X,. This shows that X, is closed. To
prove that X, is open take x € X, then (9%, x) € G * X and there are open
sets U C G and V C X such that (g7!,2) € U x V C G * X, from this we get
rx €V C X, and X, is open. O

Let X and Y be sets equipped with partial actions by a group G. A function
f:X — Y is called a G-map if for each g € G and x € X such that Jg -z
then Jg - f(z) and f(g-x) = g- f(z). If G is a topological group, then we
denote by PA¢g the category of pairs (6, X), where 0 is a continuous partial
action of G on the topological space X, and its morphisms are continuous G-
maps. Also, we denote by Ag the full subcategory of PAg whose objects are
continuous actions of G on topological spaces. The next lemma tells us that
PAg is a category with products (see Proposition 2 and Theorem 3 of [3]).
Other categorical properties of PAg and Ag will be explored in Section 4.

Lemma 2.7. Let G be a group and {X;}jes be a collection of nonempty sets
equipped with partial actions 67 : G x X; — X, for allj € J. Put X = [[ X;
j€g
and set ’
G*X ={(9,(xj)jes) e Gx X :(g9,2;) € G*x X, Vj € J}.
We define:

A0):GxX 3 (g,x) = (¢(9,25))jes € X, (2.3)
where & = (x)je; € X, then A() is a partial action of G on X. Moreover,
if G is a topological group, {X;};cs is a family of topological spaces and X is
endowed with the product topology, then the following assertions hold:

(a) For any j € J, the projection p; : X — X, is a continuous G-map and
A(0) is continuous, provided that 07 is continuous for any j € J,

(b) G X is closed in G x X provided that G « X; is closed in G x X, for
each j € J,

(c) The triple (X, A(0),{p;}jer) satisfies the universal property of product
in PAg.

© AGT, UPV, 2024 Appl. Gen. Topol. 25, no. 1 147



L. Martinez, H. Pinedo and A. Villamizar

Furthermore, if J is finite, then A(0) is topological as long as for all j € J,
each 67 is topological.

Proof. Tt is not difficult to see that A(f) is a partial action of G on X. Take
j € J. It is easy to see that p; is a continuous G-map. Now suppose that 6’
is continuous, to prove that A(#) is continuous, we only need to show that
pj o A(f) : G* X — X is continuous. Set v; : G* X 3 (g,2) — (g9,p;(z)) €
G * X, then v; is continuous and p; o A() = 67 o~; is continuous, as desired.

To prove (b), take g € G and x € X such that (g,z) ¢ G * X. Then there
exists j € J with (g,z;) ¢ GxX;. Since GxX; is closed there are neighborhoods
UCGandV C Xj, of g and z;, respectively for which (U x V)NG* X; =
@. Note that W = U x p}l(V) is a neighborhood of (g,z) in G x X and
W N (G * X) =@. This shows that G x X is closed in G x X.

We now prove (c). Let (v,Y) be an object in PAg, where v : GxY — Y is
a continuous partial action, and suppose that there exists {(; : Y — X;};cs a
collection of continuous G-maps. We set ( : Y 3 y — ((;(y))jes € X. Observe
that ¢ is a continuous G-map and the following diagram is commutative for
each j € J:

y o x

[

X

J

Also note the map ¢ is unique, and this finishes part (c). From the rest of the
proof, we suppose that J is finite. Observe that:

X, = H(Xj)g, for any g € G.
jeJ
Since each 67 is topological then for all g € G and j € J, the set (X;), is open;
besides, since J is finite, then the product topology coincides with the box
topology on X, therefore X, is open. The continuity of each bijection A(§), :
X,-1 3 (z5)je0 = (09(g,25))jes € Xy, is clear, then A(f) is topological.
([l

Given a topological group G, it is easy to see that p : G x G 3 (g,h) —
gh™! € G is a continuous (global) action of G on itself. Then the following
result follows from Lemma 2.7 and the action p defined above:

Corollary 2.8. Let n be a topological partial action of G on X, then the family
of bijections ) = {7y : (Gx X)g-1 = (G x X)4}g4eq, where (Gx X), =G x X,
and

flg: G x X1 3 (h,x) = (hg™ ' ny(z)) € G x X,
is a topological partial action of G on G x X. In addition:

(a) 7 is continuous whenever 7 is,
(b) dom(7) is closed in G x (G x X) whenever dom(n) is closed in G x X.
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2.1. Induced partial actions and globalization. Let u be a continuous
action of G on a topological space Y and X C Y be an open set. For g € G,
set

Xg=XNug(X) and ng =uy [ Xg-1, (2.4)

then n: G+ X 3 (g,2) — ng(z) € X is a nice partial action of G on X, and we
say that 7 is induced by u or that 7 is the restriction of u to X. Observe that
G x X is open in G x X because:
GxX ={(g,2) € Gx X 1uy(x) € X} =(GxX)Nu(X).

An important question in the study of partial actions is whether they can
be induced by global actions. In the topological sense, this turns out to be
affirmative, and a proof was given in [2, Theorem 1.1] and independently in
[10, Section 3.1]. We recall their construction. Let n = {ng : X;-1 = X }sea
be a topological partial action of G on X. We define an equivalence relation R
on G x X as follows:

(9, 2)R(h,y) <=z € Xy, and n,-14(2) =y, (2.5)

and we denote by [g,x] the equivalence class of the pair (g,z). Consider the
enveloping space or the globalization X¢ = (G x X)/R of X, endowed with the
quotient topology. Then by [10, (iii) Proposition 3.9], the following action is
continuous:

p: G x Xg 3 (g,[h,z]) = [gh, 2] € X¢. (2.6)
The map p is called the enveloping action of 1. Further the following map:
t: Xsz—[l,2] € Xg, (2.7)

is a continuous injection such that G - ¢«(X) = Xg. Moreover, it follows by
[10, Proposition 3.12] that ¢ : X — ¢(X) is an open map if and only if 7 is
continuous. On the other hand, ¢(X) is open in X¢ if and only if G X is open
in G x X. Therefore, if n is a nice partial action, then ¢ : X — X is an open
map and we can identify X with the open subspace ¢(X) of X¢.

2.2. An alternative construction of the enveloping action. Given a
topological partial action of G on X, one defines the orbit equivalence rela-
tion ~g on X as follows:

T ~g Yy <= Jg € G” such that g -z =y, (2.8)

for each 2,y € X. The elements of X/ ~¢ are the orbits G* - z, with = € X,
the set X/ ~¢ is called the orbit space and it is endowed with the quotient
topology. It follows by [15, Lemma 3.2] that the next induced quotient map:

7Tng9$C'—>GI-$€X/Ng, (2.9)

is continuous and open.

We will use the fact that PAg is a category with products to present an
alternative construction of the enveloping action of a partial action. First we
highlight the following auxiliary lemma:
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Lemma 2.9. Letn : Gx X — X be a topological partial action and let ~y :
G x X — X be a continuous global action, such that:

IfreX,geG® and h € G, then g € G and v(h,n(g,z)) = n(g,y(h, x)).
(2.10)
Then v induces a continuous global action of G on the orbit space X/ ~¢ .

Proof. Consider the following map:
Iy G % (X/ ~a) — X/ ~a
(9:ma(2)) = ma(v(g,2)),

where 7 is the induced quotient map of 7, defined in (2.9). Then follows by
(2.10) that I'; is a well-defined map, moreover it is not difficult to check that
I'y is a global action. Observe that I'y is continuous because the following
diagram is commutative:

Gx X —" X

idc Xﬂcl lﬂ'c

GXX/NgﬁX/NG

O

Remark 2.10. Let n : G* X — X be a topological partial action of G on X
and consider the topological partial action 7 given in Corollary 2.8. Denote by
~a the orbit equivalence relation on G x X determined by 7.

a) By [15, Theorem 3.3], we get
XG = (G X X)/Né . (2.11)

b) On the other hand, if A : G x G — G is the binary operation on G and
1:Gx X > (g,2) =z € X is the trivial action, then it follows from
Lemma 2.7 that the next function is a global action:

AX1GEGx(GxX)—GxX
(9, (h, 2)) = (gh, x).

Observe that A x 1 and 7 satisfy (2.10), hence A x 1 induces a global
action I'xx1. It follows from (2.11) that Tyx1 = p.

3. PARTIAL ACTIONS ON PROFINITE SPACES

For the reader’s convenience we recall that a topological space X is profi-
nite if and only if X is compact, Hausdorff, and zero-dimensional (that is, X
has a basis of clopen subsets). In addition, if X is compact (not necessar-
ily Hausdorff), then follows by [14, Proposition 2.3] that X is Hausdorff and
zero-dimensional if and only if any two different points in X can be separated.
Recall that two points u and v in X can be separated if there are disjoint open
subsets U and V of X such that u e U, v € V,and UUV = X.
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Our next goal is to show that X/ ~¢ is profinite as long as X is profinite
and G is compact. By the previous paragraph, it is enough to verify that any
two points in X/ ~g can be separated.

Theorem 3.1. Let n: G+ X — X be a nice partial action of a compact group
G on a profinite space X such that G x X is closed, then X/ ~¢ is a profinite
space.

Proof. Note that X/~¢ is compact. Now we show that different points G* - x
and GY -y in X/ ~¢ can be separated. Let C := {U C X : U is clopen, z € U},
then C # @. We claim that there exists U € C such that GV -UNGY -y = @.
Otherwise, for each V € C, the set F, (V) = {(g,v) € G*V : n,(v) = y} is
nonempty. Since F,(V) =n~'(y) N (G * V), then it is closed in G * V and thus
closed in G+ X. Now, if Vi, Vs € C then F, (Vi NVy) C E,(Vi)NE,(V2). In that
sense {Fy(V)}Vec is a family in G * X with the finite intersection property,
thus there exists (g,v) € () F,(V), this gives v = z and n,(z) = y which leads
vec

to a contradiction. Then there is U € C such that GU-UNGY -y = &. Now we
check that GV - U is clopen. Indeed, it is open thanks to Lemma 2.6; moreover,
given that G x U is compact, X is Hausdorff and n(G * U) = G - U, then we
have that GV - U is closed. Finally, let A = GY -U and B = X \ A, then by
Lemma 2.4, the sets A and B are G-invariant and clopen, so ;' (1g(4)) = A
and 7' (1g(B)) = B, thus G* - 2 and GY - y are separated by the sets 7¢(A)
and 7g(B), respectively. O

Corollary 3.2. Let i be a mice partial action of a profinite group G on a
profinite space X. If G+ X 1is closed, then the enveloping space X is profinite.

Proof. By part (a) of Remark 2.10 we have that X¢ = (G x X)/ ~4, where
~a is the orbit equivalence relation of the nice partial action 7 presented in
Corollary 2.8. On the other hand, it follows by (b) in Corollary 2.8 that G
(G x X) is closed in G x G x X. Thus, X¢ is profinite thanks to Theorem
3.1. O

Example 3.3. [8, p. 22] Partial Bernoulli action. Let G be a discrete group
and X := {0,1}€. There is a continuous global action 8 = {$,},ec, where for
all w € X, B4(w) = gw. The topological partial Bernoulli action 7 is obtained
by restricting 8 to the open set @ = {w € X : w(1) = 1}. Thus, by (2.4),
Dy =M NBg(h) ={weX :wl)=1=w(g)},and ng = By [ Dy-1,9 € G.
Let us show that Gx€; is clopen. Let {(n;, z;) }icr be a net in Gx§, convergent
to (n,z). Since G is discrete then (n;);er is eventually constant, so n; = n for
large ¢ € I. On the other hand, as ; — =, then 1 = z;(1) — x(1) and from
this z(1) = 1. Similarly, it is obtained that x(n~!) = 1 and from the above we
conclude (n,z) € G* Q. Now, if (n,z) € GxQq, thenz € V = (n,,-1) "1 ({1}),
and (n,z) € {n} x V C G % Q. This shows that G * ; is clopen. Thus, if G
is finite, then Theorem 3.1 implies that X/~ is a profinite space.
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3.1. On continuous sections of the quotient map 7. In this section, we
are interested in providing conditions under which the quotient map wg defined
in (2.9), has a continuous section. For this, we start with the following lemma:

Lemma 3.4. Let p: G XY 2 (g,y) = g-y €Y be a continuous action of a
topological group G on a profinite space Y. Suppose that X is a clopen subset
of Y such that G - X =Y. Then there exists a retraction r : Y — X, such that
the following items are true:
(i) The map
T:Y/~g— X/~ Gy GTWr(y), (3.1)

s continuous, where, for x € X, the set G* - x is the orbit of x given
by the induced partial action of p on X (see equation (2.10)).
(i) Ifi: X/~g—= Y/~ G* -2 — G-z, thenToi=idx/,.

Proof. By assumption ¥ = |J ¢ - X. Since Y is compact there are g1 =
geG

1,92,--- ,gn € G such that Y = (Jg;-X. For1 < j < n, set X; =
i=1

j—1
g5 X\ U gi- X, thus the family {X;}"_; is a partition of Y such that X; = X,
i=1
and g;l - X; C X. Further, the continuity of the action implies that the func-
n
tionr;: X; 53— gj_1 -z € X, is continuous and thus r = |J r;: Y — X is a
j=1

retraction of Y in X.

(i) We first check that 7 is well defined. Take z,y € Y such that G-z = G - y,
then there exist g € G and 1 < 4,5 < n, for whichz = g-y,z € X; and y € X;.
Then r(y) = g;l -y, and

r(x) =g, -x=(97"9) y=(9;"99;) (y),

but r(z) € (g; 'gg; - X) N X, that is, gj_lgflgi € G"®) where G"*) is given
by (2.10). Note that (gj_lg_lgi) -r(z) = r(y), then G . r(z) = G*W . r(y)
and 7 is well defined. To show that 7 is continuous, consider the quotient map
Ilg : Y = Y/ ~g induced by p. Since 7o IIg = 7g or, we get that 7 is
continuous.

(ii) It is clear that i is well-defined, moreover, the result follows from the fact
that r is a retraction. O

Definition 3.5. Let n: Gx X — X be a topological partial action of a group
G on a space X. We say that 7 is free if for each (g,z) € G * X such that
n(g,x) = x, we have g = 1.

Given a free partial action 7, a relevant fact is that its enveloping action p
of n is automatically free.

Theorem 3.6. Let  be a continuous and free partial action of a profinite group
G on a profinite space X such that G * X is clopen. Then g : X — X/ ~¢
has a continuous section.
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Proof. Let u be the enveloping action of 1 given by (2.6). Since 7 is free, then
so is u, and it follows by [14, Proposition 2.9] that the corresponding quotient
map Il has a continuous section g : X¢/~c— X¢. Let

1:X/~c3G% -2 G- 1(z) € Xg/~a,

where ¢ is the map defined in (2.7). Note that 7 o mg = Ilg o ¢, then 7 is
continuous. Moreover, G - 1(X) = X¢g and «(X) is clopen in X because ¢ is
open, and ¢(X) is compact in the profinite (in particular Hausdorff) space X¢.
It follows from Lemma 3.4 that there is a retraction r : X — X such that the
next diagram is commutative:

T

PR

) QEE— 'S

L
Tqui( \Lﬂ-c HG\L ; "

X/ ~a — Xa/ ~a
\?/

in particular, 7g or = 7o Ilg. Further, by the same lemma, 7 o7 = idx/~,
then the following equalities are valid:

mgo(rogol)=To(llgog)oTl=Tol= idx/NG,
and the map r o g o7 is continuous, thus 7 has a continuous section. (]

Remark 3.7. In general the assumption that 7 acts freely on X, cannot be
omitted even when 7 acts globally, see for instance [18, Example 5.6.8].

Example 3.8. Let G be a profinite group and p be a free continuous action of
G on a profinite space X. Take Y a clopen subset of X, then p induces a free
partial action 77 : G xY — Y. It is not difficult to show that G x Y is closed in
G xY. Moreover G*Y is open in G X Y thanks to [10, ii) Theorem 3.13]. Then
it follows by Theorem 3.6 that the quotient map 7 has a continuous section.

3.2. Relations between continuous sections of ¢ and Ilg. Let u be the
globalization of 1. We study relations between continuous sections of the maps
7w and Ilg, being I1g the corresponding quotient map of the enveloping action

I
Proposition 3.9. Let 7 be a nice partial action of a topological group G on a
space X. Then the following statements hold:
(i) If m¢ has a continuous section, so does Ilg,
(ii) If ¢ is a continuous section of Il such that im g C ¢(X), then 7g has
a continuous section,
(iii) If g and I have continuous sections, then mg has a continuous
section, where II¢ is the quotient map G X X — X induced by the
partial action 7 of Corollary 2.8.
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Proof. (i) Suppose that ¢ : X/~g— X is a continuous section of wg. Consider
the following function:

51 (Xa/ ~c) 2 G- [12] = uq(me(z))) € Xe,

where ¢ is given by (2.7). We claim that s is a continuous section of Il5. First,
note that s is well defined. In fact, let ,y € X such that [1,z] ~¢ [1,y], we
have mg(x) = ma(y). Set z, = q¢(na(z)) and z, = q(7a(y)), then mg(zy) =
ma(x) = mq(y) = ma(zy). Thus the next equalities are valid:

s(G-[La]) = [1, 2] = [1,2)] = s(G - [1,4]),

and s is well-defined. Since ¢ and ¢ are continuous, we get that s is continuous.
To finish the proof, we take © € X and let y, € X, such that ¢(wg(x)) =
Yz. Since mg(ys) = ma(x), there is ¢ € G such that ny(z) = y,. Thus,
(g, [1,2]) = [1, y], and we have the following equalities:

(g os)(G-[1a]) =Ha([1,42]) = G- [1,42] = G- [1, z].

This shows that s is a continuous section of Ilg.

(i) Let 7 : (X/~g) 2 G® -z + 17 (q(G-[1,2])) € X, be a function. It is not
difficult to check that r is well-defined, moreover, that G * X is open implies
that ¢ is open and thus r is continuous. Finally, we take z, 2z, € X such that
q(G-1,z]) = [1, 2z, then G - [1,2] = G - [1, 2;] which gives mg(z) = g (22),
this implies that 7g(r(G*-x)) = 7g(z:) = 7 (x), and r is a continuous section
of G-

(iii) Let ¢ : (Xg/~q) = X¢ and t : Xg — G x X be continuous sections of
Il and ﬂg, respectively. Consider the next map:

p:X/~ed G-z — projy(t(q(G - [1,2]))) € X.

We check that p is a continuous section of mg. The map p is well-defined and
continuous, since X/ ~g> G* -z — G - [1,z] € Xg/~¢ is continuous. On the
other hand, we take z € X. If h,k € G and y, z € X, such that ¢(G - [1,2]) =
[h,y] and t([h,y]) = (k, 2), then G - [1,2] = G - [h,y] and [k, 2] = [h,y]. Thus,
Nh-1¢(x) =y and ng-1,(y) = 2, for some g € G, thus G* - 2 = G* - z, and we
have that 7¢(p(G” - z)) = G# - z = G* - z, as desired. O

It follows by [16, Lemma 4.2] that I has a Borel section, provided that G
and X are also a Polish group and a Polish space, respectively. Thus, by item
(i) of Proposition 3.9, and the proof (iii) of the same proposition, we have the
next result:

Proposition 3.10. Let 1 be a nice partial action of a profinite Polish group
G on a profinite Polish space X such that G x X is closed, then 7 has a Borel
section.
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4. PARTIAL ACTIONS AND REFLECTIVE CATEGORIES
Let’s remember the definition of reflective subcategory.

Definition 4.1. Let C be a category. A subcategory D of C is reflective if the
inclusion functor D — C has a left adjoint.

Remark 4.2. Tt is well-known that the category P of profinite spaces is a re-
flective subcategory of the category K of compact Hausdorff spaces, where the
inclusion functor P — K has as a left adjoint the functor Comp : K — P, send-
ing a compact space X to the space Comp(X) of connected components of X,
equipped with the weakest topology making the projection 7x : X — Comp(X)
continuous, here the unit of the adjunction is precisely the projection mx.

Proposition 4.3. [13, Theorem 2 (i), p. 83] A subcategory D of a category C is
reflective if and only if, for any object C' € C there exists an object Rp(C) € D
and a morphism ep(C) : C — Rp(C), such that for all D € D and ¢ : C — D
there is a unique ¢ : Rp(C) — D in D with ¢ o ep(C) = ¢.

The following fact follows from [2, Theorem 1.1] and Proposition 4.3:

Proposition 4.4. Given a topological group G, the category A is reflective in
PAg. More precisely, the enveloping functor F : PAg — Ag sends an object
(n,X) in PAg to (1, X¢) (defined by (2.6)), and a morphism f: X — Y to
E(f): Xa 2 [g,2] — g, f(z)] € Yg; is left adjoint to the inclusion functor.

We have the next result:

Proposition 4.5. Let G be a topological group. Then the category PAg has

inverse limits.

Proof. Let (J, <) be a directed set. Given an inverse system 6 = {(67, X;), f/} i€

in PAg, consider X = [] X;, endowed with the product topology, then by
jeJ

Lemma 2.7 the map A(f) : G+ X — X, defined in (2.3) is a continuous partial

action of G on X. Set

X ={(j)jes € X : fl(x;) = i, Vi, j € Jii < j},
and
G+ X ={(g,(zj)jes) € Gx X : (g,7;) € Gx X;,¥j € J},
both endowed with the subspace topology. Then G x XcaG * X and X is
G-invariant over A(f), thus by (iii) of Lemma 2.4 we have that 6 := A(0) ., ¢

is a continuous partial action of G on X, and it’s not difficult to see that (é7 X),
together with the family of projections {p; [¢}jes (defined in (a) of Lemma

2.7), is the inverse limit of 0, that is, l'&n(&j7 X;) = (6, X). O

Corollary 4.6. Let G be a profinite group, (I,<) be a directed set and

{(mi, Xi), fi]}i,‘j%el be an inverse system in PAq such that yLn(m,Xi) =(n,X)
i<j

in PAg. If E is the enveloping functor defined in Proposition 4.4 and for
all i € I, the action (u;, (X;)ag) is the enveloping action of (n;, X;), then
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{(/,Li,(Xi)G),E(fg)}i,_]%E_I is an inverse system in Ag and l'gl(m,(Xi)G) =
25
(u, X¢g), where (u, X¢) is the enveloping action of (n, X). In particular, if ev-
ery X; is finite and discrete, then X¢g is profinite provide that domn is clopen

or each domm; is clopen, for alli € I.

Proof. The first assertion follows from Proposition 4.4 and the fact that left
adjoint functors preserve inverse limits. For the last assertion, suppose first
that domn is closed. Now X is profinite because @Xi = X, and the result
follows from Corollary 3.2. Finally, if dom 7); is closed for any i € I, we have by
Corollary 3.2 that (X;)¢ is profinite for any ¢ € I, thus X is profinite because
@1 (Xi)e = X¢ is an inverse limit of profinite spaces. O

4.1. A remark on separately continuous actions on topological spaces.
For the reader’s convenience, we recall that an action § : G x X — X of a
topological group G on a topological space X is separately continuous, if for
each pair (go,zo) € G x X the maps 8y, : X 3z — [(go,x) € X and

B G > gm Blg,x0) € X, (4.1)

are continuous.

We denote by SA¢g the category of separately continuous actions of a topo-
logical group G on topological spaces and whose morphisms are continuous
G-maps. Also, let SAKg and SAPg be the subcategories of SAg whose ob-
jects are separately continuous actions of G on compact Hausdorff spaces and
profinite spaces, respectively. We shall prove that SAPg is reflective in SAK .
For this, it is necessary to introduce some notations and facts from categories
related to topological spaces. To the group G we associate the category Cg
having as object the unitary set {e} and as morphisms the group G; we de-
note also by Top the category of topological spaces and continuous maps. It
is well-known that the category of functors Fun(Top,C¢) is equivalent to the
category Ag of continuous actions of G on topological spaces, and SAg can be
indentified with the full subcategory of Fun(Top, C¢) of those actions 8 such
that the map 8%° defined in (4.1) is continuous, for any xo € X.

Lemma 4.7. Let D be a reflective subcategory of a category C. Given a small
category I, Fun(Z, D) is reflective in Fun(Z,C).

We finish this work with the following fact:
Proposition 4.8. SAPg is a reflective subcategory of SAKq.

Proof. We observed in Remark 4.2 that the category P of profinite spaces is
a reflective subcategory of the category I of compact Hausdorff spaces, then
follows by Lemma 4.7 that the inclusion functor Fun(Cg,P) — Fun(Cgq, K)
has a left adjoint, which we denote by Compg : Fun(Cg,K) — Fun(Cq,P).
We consider a separately continuous action 8 : G x X — X in Fun(Cg, K),
we shall check that its reflection 3 = Comp(f3) belongs to SAPg. Indeed, if
T € Comp(X), we set 3% : G 3 g +— B,(z) € Comp(X). Consider z € X such
that = wx (), where 7x : X — Comp(X) is the projection map. Since *
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is continuous we have that % = 7y o 3% is continuous, and thus 3 belongs to
SAPg, therefore SAPg is reflective in SAK . ]
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