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ABSTRACT

This paper introduces new classes of generalized inverses for square matrices named
GD1, and the dual, called 1GD inverse. In addition, we discuss a few characteriza-
tions and representations of these inverses. The explicit expressions of these inverses
have been established via core-nilpotent decomposition. Further, we introduce a bi-
nary relation for GD1 inverse and 1GD inverse, along with a few derived properties.
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1. Introduction and background

M. P. Drazin [8] first introduced the Drazin inverse in associative rings and semi-
groups. Since then various applications of the Drazin inverse can be found in
[2, 4, 6, 12, 13, 30, 33]. The Drazin inverse for bounded linear operators on complex
Banach spaces was presented in [5, 18, 19]. In [29], the gDMP inverse operator for a
Hilbert space was discussed as an extension of the DMP inverse of a complex square
matrix investigated in [22], and this appeared as an extension of the core inverse, which
can be found in [1]. Further, the DMP inverse has been generalized to a rectangular
matrix, called W-weighted DMP inverse, which was established by Meng in [25]. A
deeper analysis of DMP inverse can be found in the cite [21] by Ma, Gao and Stan-
imirovié. A recent generalized inverse, the CMP inverse (defined by ATAAP AAY) of a
square matrix A, was introduced by Mehdipour and Salemi [24]. A few characteriza-
tions and representations of the CMP inverse and its application are presented in [20].
The G-Drazin inverse for a square matrix was introduced in [34] and then extended
to operators in Banach spaces [28]. The WgDMP inverse and dual WgDMP inverse
for Hilbert space bounded linear operators were discussed in [27]. Representation of
the G-Drazin inverse in a Banach algebra can be found in [32]. The extension of the
notion of G-Drazin inverses to rectangular matrices along with a weight matrix was
discussed by Coll et al. [7]. Generalized inverses for arbitrary index and square matri-
ces have been discussed in [22, 23, 24]. In [15], IMP, and MP1 generalized inverses and
their induced partial orders are discussed. Related to outer inverses, 2MP, MP2, and
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C2MP-inverses for rectangular matrices have been studied in [17]. The GDMP-inverse
and its dual for square matrices were discussed in [16].

Motivated by work of [15, 16, 17, 31], in this paper we introduce and study a few
characterizations of the GD1 inverse and its dual. The main contributions of this paper
are the following:

e Introduce two new classes of generalized inverses named as GD1 and the dual
1GD inverse.

o A few characterizations and representations for these inverses are established.

e Binary relations for these inverses introduced along with a few properties derived.

1.1. Preliminaries

In this subsection, we recall some notations, definitions and known results which will
be used in proving our main results. Throughout this manuscript, C"*" stands for the
set of complex matrices of order m x n. The notation R(A), N(A), and A* will denote
the range space, the null space and the conjugate transpose of a matrix A € C™*"
respectively. The smallest nonnegative integer k such that rank(AF) = rank(A**1) is
known as the index of the matrix A € C"*" and denoted by ind(A). The matrix [
will denote the identity of adequate size.

1.2. A brief recapitulation of generalized inverses

For a matrix A € C™*", if a matrix X satisfies AXA = A then X is called an inner
inverse or generalized inverse of A. Further, if XAX = X, then X is called outer
inverse of A and denoted by A(?). The set of all inner inverses of A is denoted by A{1}
and an element of A{1} is denoted as A~. Similarly, the set of all outer inverses of A
is denoted by A{2}. The Moore-Penrose inverse of a matrix A is the unique matrix X
satisfying AXA = A, XAX = X (AX)* = AX, (XA)* = XA and denoted by Af. A
matrix X is called the Drazin inverse of A € C"*" (where ind(A) = k) if it satisfies
XAX =X, XA =AX, and XA* = AF and we denote it by AP,

Now, we will discuss a few composite generalized inverses which have been developed
very recently. The 1MP inverse [15] of an arbitrary matrix A is denoted as A and
defined by A'MP = A= AAT where A~ € A{1}. The dual of IMP inverse, called MP1
inverse, is similarly denoted by AMP! and defined as AMP! = ATAA~. Further, the
concept of IMP and MP1 has extended to 2MP, MP2, and C2MP inverses as defined
in what follows.

Definition 1.1. [17, Definition 2.1, Definition 3.1 and Definition 4.1] Let A € C™*™
and A% ¢ A{2}.

(a) The 2MP inverse of A is denoted by A?M? and defined as A2MP = A2 AAT,

(b) The MP2 inverse of A is denoted by AMP2 and defined as AMP2 = ATAA®),

(c) The C2MP inverse of A is denoted by A“?MF and defined as A“2MP =
ATAAP) AAT,

For arbitrary index square matrices, the combination of the Drazin inverse and
the Moore-Penrose inverse, is renamed as DMP inverse [22] and its dual called MPD
inverse, which are defined below.

Definition 1.2. [22] Let A € C™*" with ind(A) = k.



(a) The DMP inverse of A is denoted by AP:T and defined as APT = AP AAT,
(b) The MPD inverse of A is denoted by A" and defined as A"’ = ATAAP.

For a fixed inner inverse A~, the 1D inverse of a square matrix A is denoted by
A=D and defined as A= = A~ AAP [31]. Similarly, the dual of 1D inverse, called D1

inverse, is denoted by AP~ and defined as AP~ = APAA~.
Next, we recall the definition of G-Drazin inverse for square matrices.

Definition 1.3. [34] Let A € C"*" and ind(A) = k. A matrix X € C"*" is called a
G-Drazin inverse of A if it satisfies

AXA=A, XAMP=4AF  and AFFIX = Ak, (1)

We denote the set of all the G-Drazin inverses of A by A{GD} and an element
of A{GD} by A®P. Note that G-Drazin inverse of an arbitrary index matrix always
exists but need not be unique. In 2018, it was proved that the three equations in (1)
can be reduced to the following two AXA = A and A*X = X A* [7]. For further
details on G-Drazin inverses, we refer the reader to [3, 7, 28, 34].

Drazin in [9] and [10] introduced (b, ¢)-inverses in the setting of a semigroup, which
is a generalization of Moore-Penrose inverse. In order to state the matrix version of
(B, C)-inverses we provide the following definition:

Definition 1.4. Let A, B, C € C™*". A matrix X € C™*" is called the (B, C)-inverse
of A if it satisfies

XAB =B, CAX =C, N(C) C N(X), R(X) C R(B).

It is known that if it exists, is unique.
Now, we recall one-sided partial orders and a few results on these relations.

Definition 1.5. [26, Definition 6.3.1 and Corollary 6.3.10] Let A, B € C"*"™ be ma-
trices of index at most 1. Then we will say that

(i) A is below B under the left sharp partial order “# <” (we write A# < B) if
A% = AB and R(A) C R(B).

(ii) A is below B under the right sharp partial order “< #” (we write A < #B) if
A% = BA and R(A*) C R(B*).

Definition 1.6. [31] Let A, B € C™*" with ind(A) = k. We will say that A is below
B under the relation <P~ if AP~ A = AP~ B and AAP— = BAP >~ and it is denoted
by A <P~ B.

Theorem 1.7. [31] Let A, B € C™*" be matrices of index at most 1. If A <P~ B
then A < #B.

Corollary 1.8. /26, Corollary 6.3.9] Let A, B € C™*™ be matrices of index at most
1. If A< #B then AA~ = BA™ and A~ A = A" B for some A~ € A{1}.
2. GD1 inverse

In this section, we first introduce the new class of generalized inverse, named GD1
inverse. From here onward, unless specified, we assume the matrix A € C"*" is of



index k. Further, in the paper, we fix a 1-inverse and a GD-inverse; for those fixed
inverses, we define just one GD1 inverse. However, it may change if we range A~ and
AGP in their respective sets of generalized inverses.

Definition 2.1. Let A~ € A{1} and AP € A{GD}. The GD1 inverse of A, associ-
ated with A~ and AP, is denoted by A“P! and defined as APt = AGPAA~.

Further, we denote the set of all GD1 inverses by A{GD1}.

1 0 00 1 0 1 1
0001 o -1 -1 o0
Example 2.2. Let A = 00 0 0 and we fix A= = 01 1 1
00 0O 0 1 -1 -1
1 0 00
. . GD 0 0 01
Clearly ind(A) = 2 and we can calculate a GD inverse, A“" = 010 0 . Thus,
01 01
for these fixed A~ € A{1} and AP € A{GD}, the GD1 inverse of A is given by
1 0 1 1
GD1 _ 4GD 44— _ | 0 0 0 0
A = AP AAT = 01 -1 —1
01 -1 -1
Moreover, comparing to the known inverses, we observe that A®P! is not the same
neither
1 0 00
. loooo
Al = 00 0O
01 00
nor
1 0 0O
AD — ADF = gD — 4@ — g0 — 4@ _ 4@1_ | 0 0 00
00 0O
00 0O

The example above allows us to highlight that our new inverse is considerably
different to the known ones in the literature.
Now, we derive some elemental properties of GD1 inverses.

Theorem 2.3. Let A € C™*" with A~ € A{1} and AYP € A{GD} fized. Then
(i) AGPL e A{1,2}.
(ii) AMAGPY = A™ A~ and AGPTA™ = AGP A™ for any positive integer m.
(iii) AASPY = Proyy niaa-y-
(i) ASPYA = Praco 4y n(a)-

Proof. (i) We have that AASPIA = AAPAA-A = AASPA = A and
AGDIAAGDL = AGD AA= AAGP AA~ = AGPAAGP AA~ = AGPAA~ = AGDL



(ii) If m = 1 then AAGP! = AAPAA~ = AA~ and AGPIA = AGPAA-A =

AGP A, Consider m € N with m > 2. Then
AMAGDL — Am AGD AA= = A 1TAACP AA~ = A™ A~ and
AGDLgmM — AGD AA=A™ = ACD AA=AA™1 = AGD g™,

(iii) From the Definition of GD1 inverse and (i), we obtain that AA“P! is idempo-

tent. We can easily verify the range and null conditions from the following:
AAGPY = AA=, and ASPT € A{1}.
(iv) Clearly, by (i), A9P1A is a projector. Similarly, from the following expressions
AGPIA = AGPAA=A = AGP A and AGPL € A{1},

we obtain R(A“P1A) = R(AYP A) and N(ACP1A) = N(A). O

Next result characterizes GD1 inverses from a geometrical point of view.

Theorem 2.4. Let A € C™™ with A~ € A{1} and ASP € A{GD} fized. The GD1
inverse ASP1 of A is the unique matriz X € C*™ ™ that satisfies

AX = Pr(ay.N(aa-) and R(X) C R(A%P 4). (2)

Proof. Let X = APl Then by Theorem 2.3, we have AX = AA®P! = Ppray,naa-)-
Clearly R(ASPY) = R(APAA™) C R(ASP A). Hence, AP satisfies (2).

Next we will show the uniqueness. Suppose that there exist two solutions, say X and
Y, which satisfy the equation (2). Then A(X —Y') = Ppa) naa-)— Prea),n(aa-) = 0.
Consequently, R(X —Y) C N(A) = N(A%P A). Further, from R(X) C R(A%P A) and
R(Y) € R(AYPA), we have R(X —Y) C R(APA). Thus R(X —Y) C R(AYPA)N
N(AYP A) = {0} because AP A is a projector. Hence X =Y. O

Next, we characterize GD1 inverses by using information about the inner inverse or
the GD inverse in two separate conditions.

Theorem 2.5. Let A € C**" with A~ € A{1} and AP € A{GD} fized. Then the
following statements are equivalent:
(i) X = AGPL,

(ii) AX = AA~ and R(X) = R(AGP A).

(iii)) ATAX = A“AA™ and R(X) = R(AP A).
Proof. (i) = (ii) Let X = A9Pl. Then AX = AA®P! = AAGPAA~ = AA~, R(X) C
R(AGP A), and R(AGPA) = R(ASPAA~A) = R(XA) C R(X).
(ii) = (i) Let R(X) = R(AYPA). Then X = AP AY for some Y € C™". Now

X = AGPAY = AGPAACP AY = ACPAX = AGPAA~ = AGDL

(i) = (iii) It is trivial.
(iii) = (ii) Let A—AX = A~ AA~. Pre-multiplying by A, we obtain AX = AA~. This
completes the proof. O

In a similar manner, we can show the below theorem.

Theorem 2.6. Let A € C™" with A~ € A{1} and AP € A{GD} fized. Then the
following statements are equivalent:



(i) X = AGPL,
(ii) XA = A%PA and N(X) = N(AA™).
(i) X AAGP = AGP AACP gnd N(X) = N(AA™).

Next, we discuss an alternative characterization of the GD1 inverse. Up until now,

we have focused on the inner inverse condition of GD1 inverses, and now we stress the
outer inverse condition.

Theorem 2.7. Let A € C™*" with A~ € A{1} and AP € A{GD} fized. Then the
following statements are equivalent:
(i) X = AGPL,

(ii) XAX = X, R(X) = R(A%PA), and N(X) = N(AA™).

(iii)) XAX =X, XA=A%PA, and AX = AA™.
Proof. (i) = (ii) Let X = A9Pl. We have proved that X € A{2}. From the Theorems
2.5 and 2.6, it is clear that R(X) = R(AGPA) and N(X) = N(AA).
(ii) = (iii) From X = X AX, we obtain X (/ — AX) = 0. Thus, R(/ — AX) C N(X) =
N(AA™) and hence AA™ (I — AX) = 0. Consequently,

AA™ = AA"AX = AX. (3)

Let R(X) = R(AYPA). Then X = AYPAY for some Y € C™". Now by using
equation (3), we have

XA=A%PAYA=APAACPAY A = A9PAXA = AP AA-A = A9PA.
(iii) = (i) Clearly X = XAX = ASPAX = AGPAA~ = AGPL, O

From a purely algebraic approach, we can provide the following result. The proof is
similar to that of Theorem 2.7 following the chain of implications (i) = (ii) = (iii) =

(iv) = (i).
Theorem 2.8. A € C™" with A~ € A{1} and A°P ¢ A{GD} fived. Then the

following statements are equivalent:

(i) X = AGPL,
(ii)) XAX =X, XA=APA, AX = AA~, and AXA = A.
(iii)) XAX = X, XA =APA, and AX = AA~.
(iv) ASPAX = X, XA=APA AX = AA~, and XAA~ = X.

Next results present GD1 inverses as the solution of a matrix rank equation.

Theorem 2.9. Let A € C™*" with ind(A) = k.
(i) There exist idempotent matrices M, N € C"*" such that

APA=M =0, MAF =0, NA¥FA~ =0, AFN =0.
(i) There exists a matriz X such that

A I1-M

rank L_N X

} — rank(A).

Moreover, M = I — AAGPY N =T — ASP1A, and X = ACPL,



Proof. Let M := I — AAGPT and N := I — ASP1A. Since matrices AAGP! and
AGDPL A are idempotent, so both M and N are idempotent.
On the other hand, let ind(A) = k > 1. Then

AFA=M = AFAT(I — AAGPY) = AR A= — AF A= AACD!
AFA™ — AFTLAATAASP AA~ = AR A= — AP 1AA- =,

and

MAF = (I — AAGPY AR = Ak — AAGPI AR — AF _ AACP AA-AF = AF — AF = .
Further, we verify that

NAFA™ = (I — APIAY AR A= = AR A= — AGD AR A= = AR A= — A4~ =,
and

AN = AR(T — AGPIA) = A% — AR AGPLA = A% — AR AP AN~ A = AF — AF =0,

The case k = 0 is trivial because M = N = 0.
Let X = ASPl Multiplying by block elemental matrices we get

I—-N X

K A I-M
ran 0 7

I 0 A AAGDI
= rank _AGD1 | | AGD14  AGD1

= rank(A).

[1 _AGDT

Next, we study the GD1 inverse as a (B, C) inverse of A.

Theorem 2.10. Let A € C™" with A~ € A{1} and ASP ¢ A{GD} fized. Then
AGPL s the (ASP A, AA™) inverse of A.

Proof. Let X = AGP1 B = AP A, and C = AA~. Then
XAB = ASPTAACD A = A9PAA=AACP A = A9PAACP A = ASPA =B
and
CAX = AA=AACPL = AACP AL~ = AA- =C.

From X = A9PAA~ = BA~ and X = A9PAA~ = A®P(C, we obtain R(X) C
R(B) and N(C) C N(X). Now, by Definition 1.4, we have that AP is the (B, C)
inverse of A. Hence, the proof is completed. O

2.1. A binary relation based on GD1 inverses

In view of the matrix relation defined for weighted Moore-Penrose inverse [14], MP1
inverse [15], D1 inverse [31], core inverse [11], and G-Drazin inverse [7, 34], we introduce
a binary relation for GD1 inverses.



Definition 2.11. Let A, B € C"*™. We will say that A is below B under the relation
<GP if AAGPL = BAGPL and AGPLA = ASPLB for some AYP! € A{GD1}.

Proposition 2.12. Let A,B € C"*". If A <GPl B then A <P~ B.

Proof. Assume that A <¢P1 B. Then, AAGP! = BAGP! and AGP1A = ASPIB for
some APt ¢ A{GD1}. Hence, there exist AP € A{GD} and A~ € A{1} such that
AASPAA~ = BAYPAA~ and APA = ASPAA-B. Now, if we consider AP~ =
AP AA~, we get

AP~B = APAA B = APAASPAAB = APAACPIB = AP AAGP1 4
APAA=A = AP~ A,

and

AAP = = AA9PAATAAP T = AA9PTAAP T = BAYPYAAP ™ = BAYPAAP AA™
BAGP ARFL(ADYVHL A~ = BAF(AP)FH1AA~ = BAPAA~ = BAP—.

This completes the proof. O

From Proposition 2.12 and Theorem 1.7, we have the following result.

Corollary 2.13. Let A, B € C"™ ™ be matrices of index at most 1. If A <Pl B then
A < #B, where < # is the right sharp partial order.

It is clear that <¢P! is a reflexive relation. Since < # is a partial order, from
Corollary 2.13 we can conclude that <GP is an anti-symmetric relation. Next result
completes the necessary information to obtain a partial order.

Theorem 2.14. Let A, B € C™*™ be matrices of index at most 1. Then A < #B if
and only A <GP B.

Proof. First notice that if k¥ = 1, from A2A%P = A = A“P A2 and recalling that
AP A% = A we obtain AACGP = ACGD A,

Now, let A < #B. Then, by [26, Definition 6.3.1], we have A?> = BA. Moreover, by
Corollary 1.8, there exists A~ € A{1} such that AA™ = BA™ and A“A = A™B. For
this A~ € A{1} and some GD inverse AP of A, we define A“P1 = AP AA~. Then,

AACPY = AA™ = A?ASP A~ = BAA“P A~ = BA“PAA~ = BA®P!
and
A9PTA = ASPAA~A = A°PAAB = A“P'B.

Hence, A <¢P1 B. By Corollary 2.13, the proof is complete. O

Remark 1. The relation <“P! is a partial order on the set C&M = {A ¢ C™*" .
ind(A) < 1}.

Some characterizations of the relation <“P! can be presented by means of idempo-
tents.

Theorem 2.15. Let A, B € C"*", Then the following statements are equivalent:



(i) A<CGP1 B,

(ii) A= AA~B = BAYP A for some A~ € A{1} and some AP € A{GD}.

(iii) A = AAGPIB = BAGPLA for some APl ¢ A{GD1}.

(iv) There exist idempotents P,Q € C™*"™ such that R(P) = R(A), N(P) = N(AA™),
R(Q) = R(A®PA), N(Q) = N(A) and A = PB = BQ for some A~ € A{1}
and some ASP € A{GD}.

(v) There exist idempotents P,Q € C"™" such that R(P) = R(A), N(P) =
N(AGPY) R(Q) = R(AYPY), N(Q) = N(A) and A = PB = BQ for some
AGPL ¢ A{GD1}.

Proof. (i)= (ii) Let A <9P! B. Then, for some A“P! ¢ A{GD1} we have AAGP! =
BAGPL and AGP1A = AGPIB. Then,

A=AAPA = AA9PAA~A = AA“PIA = AA“P'B = AA“PAA"B = AA™B
and
A= AAPA = AASPAA™A = AACPYA = BAP1A = BA9P A,

(ii) = (iii) Let A = AA~B = BA%P A for some A~ € A{1} and some AP ¢ A{GD},
and define AGP! := AP AA~ using these generalized inverses. Then, A = AA™B =
AASPAA~B = AAYPIB and A = BAYPA = BAYPAA~A = BAGPIA.
(iii) = (i) Let A = AASPIB = BASP1 A for some A9P! € A{GD1}. Then,

AGDIA — AGDIAAGDIB — AGDIB
and

AAGDI — BAGDIAAGDI _ BAGDl.
(i) = (iv) Assume that AAGPT = BAGPL and A9PTA = AGPIB for some AGP! ¢
A{GD1}. Let P = AAYP! and Q = A“P1A. From Theorem 2.3, it is clear that both
P and Q are idempotent. From A = AASPA = AASPAA-A = AACPIA = PA, we
obtain R(P) = R(A). Similarly, from AA™ = AAYPAA~ = AAGP AAGPL = AAGD P
we get N(P) = N(AA™). Now,

A=AAPAA™A = AA“PTA = AACP'B = PB

and

A= AAPAA~=A = AASPTA = BAGPT A = BQ

The range and null conditions R(Q) = R(A“PA) and N(Q) = N(A) follow from the
below identities:

Q= AP A = AP A and A = BQ.

(iv) = (i) Assume that (iv) holds. For the existing A~ and A“P we define AGP! :=
AP AA~ . Now, by using that there exists only one projector with the same range and



null spaces, by the hypothesis, it is easy to see that P = AAP! and Q = AGPLA.
Thus,

BAGPY — BASPAA~ = BASPAA=AA~™ = BASP1AA~ = BQA™ = AA™
AASP AA= = AAGPT

and

ACPIB  — AP AA"B = ASPAASP AA~B = ASPAACPIB = ASPPB = AGP A
AP AA=A = AGDPL 4,

(iv) & (v) It is evident. O

2.2. Computation of GD1 inverses by the core-nilpotent decomposition

In this subsection, we present an explicit expression for GD1 inverses via the core-
nilpotent decomposition. For A € C"™*" with ind(A) = k and rank(A*)= s, the core-
nilpotent decomposition [2, 26] of A is given by

A=P (g 2) P (4)

where C' € C**5, P € C"*" both are nonsingular, and N € C(»=$)*("=5) i nilpotent.
In view of [34], a G-Drazin inverse of A can be written as

GD c1 0 -1 _
A =P 0 N- P~", where N~ € N{1}. (5)

Using the above decompositions for A and A®P, we can find an explicit expression for
a GD1 inverse as given below.

Theorem 2.16. Let A € C™™ be written as in (4). Let ASP € A{GD} written as
in (5) and let A~ € A{1}. Then, the GDI inverse of A (given by these A~ and ASP)

can be expressed as

1
GD1 _ C VN, 1
AT = P( 0 N-NN-+LN; —NeNgLNT> P

for arbitrary V and L, where Ny=1— N"N and N, =1 —- NN—.

Proof. If we fix matrices A~ and A®P as in the hypothesis, we can write

AGPY = AGPAA- =P (éf 3Z/> P

By comparing AGP1A = ASP A, we obtain

X=C"' YN=0, T=0, ZN=N"N.
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Further, by using Theorem 1 (page 52) from [12], the general solution of ZN = N™N
isZ=N"NN-+W(I—-NN7), for arbitrary W and the general solution of Y N =0
is given by Y = V(I — NN7) for arbitrary V. Now, by Theorem 2.3 (i), that is, by
comparing AGPTAAGPT = AGPL we get (I — N"N)W (I — NN~) = 0. By applying
again [12, Theorem 1 (page 52)], we obtain W =L — (I = N"N) (I — N"N)L(I —
NN~)(I — NN7)~ for arbitrary L. Finally, by substituting the expression of W in
that of Z we get the result. This completes the proof. O

Note that the matrix Z = N" NN~ +L(I-N"N)"—(I—-N"N)"(I-N"N)L(I—
NN7) in Theorem 2.16 is an inner inverse of N. Thus a GD1 inverse of A will be G-
Drazin inverse of A if and only if Y = V(I — NN~) = 0, which is stated in the
following corollary.

Some particular cases of GD1 inverses are presented below.

Corollary 2.17. Let A, ASP and ASP1 respectively as defined in Theorem 2.16. Then
(i) AGPY = AP~ if and only if N"NN~ =W (NN~ —1I).
(i5) AGPY = ACP if and only if V(I — NN~) = 0.
S (Cc 0 -1
(iii) A{GD} N A{GD1} = P < 0 N-NN-+W(I— NN‘)) P~ where W sat-
isfies (I — N"N)W(I — NN~)=0.

In view of the Theorem 2.16, we can verify the following result.

Corollary 2.18. For a fized A~ € A{1} and AP ¢ A{GD}, consider the decompo-
sition’s for A and ASP respectively as given in Theorem 2.16. Then the following are
equivalent:

(i) A <GPl B,
(ii) B =P (g —ovi _BiVN )Ba P~L, where By satisfies (N"NN~ + W (I —

NN-))By = N-N, By(N-NN~ + W(I — NN-)) = NN~ + NW( — NN-),
and W satisfies (I — N"N)W (I — NN~) =0.

3. 1GD inverse

In this section, we introduce 1GD inverse for square matrices along with a few char-
acterizations of these inverses. Since the methodology of the proofs is similar to those
for GD1 inverses, the proofs will not be included.

Definition 3.1. Let A~ € A{1} and AP € A{GD}. The 1GD inverse of A, associ-
ated with A~ and AP, is denoted by A'P and defined as AP = A~ AACD,

1111 1 -1 -1 0
Example 3.2. Let A = 8 8 (1) (1) and we fix A~ = 8 8 (1) 8 . Clearly
0000 0 1 00
1 -1 -1 2
. . aD 0O 0 0O
ind(A) = 2 and we can calculate a GD inverse, A" = 0 0 1ol Thus,
0 1 00
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for these fixed A= € A{1} and AP € A{GD}, the 1GD inverse of A i
1 -1 -1 2
0O 0 00
1GD _ A= A AGD _
A = ATAATT = 0 O 10
0 1 01

Theorem 3.3. Let A € C"*" with A~ € A{1} and AP € A{GD} fized.
(i) AP € A{1,2}.

s given by

Then

(ii) AMAIGD = AmAGD gnd AVGP A™ = A= A™ for any positive integer m.

( m) A;‘g §D = PRr(A),N(AAGD)-
(iv) A" A= Pra-a)N(a)-

Theorem 3.4. Let A € C™™ with A~ € A{1} and AP ¢ A{GD} fized.

inverse, AYCP of A is the unique matriz that satisfies
AX = PR(A)’N(AAGD) and R(X)C R(A™A).

Theorem 3.5. Let A € C™" with A~ € A{l1} and AP € A{GD} fized
following statements are equivalent:

(i) X = AGD.
(ii) AX = AAYP and R(X) = R(A™A).
(iii) AGPAX = AGP AAGD and R(X) = R(A~A).

Theorem 3.6. Let A € C™" with A~ € A{1} and AP € A{GD} fized

following statements are equivalent:
(i) X = AGP,
(ii)) XA = A"A and N(X) = N(AAGD).
(iii) XAA~ = A“AA™ and N(X) = N(AA®P).

Theorem 3.7. Let A € C™" with A~ € A{1} and AP € A{GD} fized

following statements are equivalent:

(i) X = AGP,

(ii)) XAX = X, R(X)=R(A™A), and N(X) = N(AA®D).
(iii)) XAX =X, XA=A"A, and AX = AAGP,

The 1GD

. Then the

. Then the

. Then the

Theorem 3.8. Let A € C™¥" with A~ € A{1} and AP € A{GD} fized. Then the

following statements are equivalent:

(i) X = AGP,

(ii)) XAX =X, XA=A"A, AX = AASP, and AXA = A.
(iii)) XAX =X, XA=A"A, and AX = AAGP
(iv) ATAX = X, XA=A"A, AX = AA®P, and XAACP = X.

Theorem 3.9. Let M,N € C"*" and A € C™*"™ with ind(A) = k.
(i) There exist idempotent matrices M and N such that

A=AM =0, MAF =0, NA=AF =0, A*N = 0.

12



(i) There exists a matriz X such that

A I1-M

rank L_N X

} — rank(A).

Moreover, M =1 — AAYCD N =T — A6P A gnd X = AGP,

Theorem 3.10. Let A € C™" with A~ € A{l} and ASP ¢ A{GD} fized. Then
AYGD s the (A~ A, AASD) inverse of A.

3.1. A relation based on 1GD inverses

Definition 3.11. Let A, B € C"*". We will say that A is below B under the relation
<IGDif AAYGD = BAIGD and A'GP A = A'GP B for some A'GP ¢ A{1GD}.

Proposition 3.12. Let A,B € C"*". A <P B then A <—P B.

Corollary 3.13. Let A, B € C™ ™ be matrices of index at most 1. If A <'GP B then
A# < B, where # < is the left sharp partial order.

Theorem 3.14. Let A, B € C™*" be matrices of index at most 1. Then A <GP B if
and only if A# < B.

Remark 2. The relation <'¢P is a partial order on the set CSM = {4 € C™*" .
ind(A) < 1}.

Theorem 3.15. Let A, B € C"*™. Then the following statements are equivalent:

(i) A <'¢P B,
(ii) A= BA~A= AASPB for some A~ € A{1} and some AP ¢ A{GD}.
(iii)) A= BA'GPA = AA'SPB for some AP ¢ A{1GD}.
(iv) there exist idempotents P,Q € C™™ such that R(P) = R(A), N(P) =
N(AASP), R(Q) = R(AA), N(Q) = N(A) and A = PB = BQ for some
A~ € A{1} and some ASP ¢ A{GD}.
(v) there exist idempotents P,Q € C™ ™ such that R(P) = R(A), N(P) = N(A'GD),
R(Q) = R(A¢P), N(Q) = N(A) and A = PB = BQ for some AP ¢
A{1GD}.

Theorem 3.16. Let A € C™"and AP € A{GD} be respectively written as in 4 and
5. For A= € A{1}, the 1GD inverses of A can be expressed as

c-1 0
1GD __ —1
Amr=r <N4V N-NN~— + N,L — NgLNTNT> L

for arbitrary V and L, where Ny=1— N"N and N, = NN~ —1I.

Corollary 3.17. Let A, ASP and A'CP be respectively as defined in Theorem 3.16.
Then
(i) AY6P = A=P if and only if N"NN~ = (NN — )L + (I - N"N)L(NN— —
(NN —1)".
(ii) AYGP = ACD if and only if (I — N~N)V = 0.
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e — C_l O
(111) A{GD} N A{1GD} —P< 0 N NN~ +({I-N"N)W

isfies (I — N"N)W(NN— —1)=0.

) P~ where W sat-

Theorem 3.18. For a fived A~ € A{1} and AP € A{GD}, consider the decompo-
sition’s for A and AYGP respectively as given in Theorem 3.16. Then the following are
equivalent:

(i) A <'¢P B,

. C 0

(i) B = P(—BMI—N’NNK? B,
ByN-NN- + (I - N"N)W) = NN-, (N"-NN- + (I — N-N)W)B, =
NN+ (I—-N"N)WN, and W satisfies (I — N"N)W(NN— —1)=0.

)P‘l, where By satisfies the equalities
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