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Abstract 

The analysis of filling processes in pressurized pipelines has been conducted using a steady 
friction model in the implementation of governing equations. This research is focused on the 
case of a filling process of a single pipeline without an air valve.  Three equations were used to 
represent the phenomenon: (i) a rigid water column approach, which describes the water 
movement along the water system; (ii) a piston flow model, which assumes a perpendicular 
air-water interface to the main direction of the pipe; and (iii) a polytropic model for 
representing the thermodynamic behaviour of an entrapped air pocket.  This research studies 
the filling processes occurrence using equations of steady and unsteady friction models, where 
Moody, Wood, Hazen-Williams, and Swamee-Jain equations are analysed. The analysis is 
applied to a case study of a single pipe of a total length of 1000 m with an internal diameter of 
595 mm variation of pressure surges in the implementation of these formulations. Results 
confirm that there is a minimum discrepancy between steady and unsteady friction models 
since values of pressure surges pattern are similar.  

Keywords   
Filling process, unsteady, friction models, transient flow. 

1 INTRODUCTION 

Hydraulic installations should be designed to guarantee reliable infrastructures due to their high 
costs. Therefore, engineers should select pipe resistance and stiffness class to protect water 
pipelines of extreme absolute pressure [1].  

In the last century, water hammer effects have been investigated due to pipe collapses occurrence. 
At the beginning, the analysis focused only on the water phase involving the operation of valve 
closure manoeuvring and pump’s stoppages. These hydraulic events have been extensively 
studied both numerically and experimentally using commercial packages.   

Regulations transient flow in pressurized hydraulic systems are considered in many countries 
around the world. In this sense, engineers and designers are implementing the developed 
knowledge in the field to have reliable designs [2].  

In the last decades, the transient flow with entrapped air is being analysed since air pockets can 
produce higher extreme absolute pressure patterns compared to transient flow only for the water 
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phase [1, 3]. This phenomenon is generated because air elasticity is higher than water and pipe 
elasticity. When an air pocket volume is reduced for the compression of the water phase, then the 
air pocket pressure is increased and vice versa [1]. Transient flow with entrapped air involves 
complex formulations that should be modelled to represent both hydraulic and thermodynamic 
behaviour of the water and air phase, respectively. Several formulations have been implemented 
to simulate filling processes in water pipelines. Zhou et al. (2002) [4] used an elastic water column 
model to simulate the behaviour of water over time considering a steady friction factor 
considering for filling process. Fuertes et al. (2019) [5] and Coronado-Hernández et al. (2018) [6] 
developed a mathematical model to predict filling and emptying operations in pressurized 
pipelines considering a steady friction factor. Also, filling and emptying processes have been 
analyzed using Computational Fluids Dynamics (CFD). The implementation of this kind of models 
have been used to determine the effect of backflow air in emptying operation [7], and secondary 
pressure peaks for uncontrolled filling operation [8].  

Recently, Zhou et al. (2020) [9] introduced an unsteady friction factor (UFM) using an elastic 
water column model for filling operations. Coronado-Hernández et al. (2021) [10] implemented 
an UFM for analysing the emptying operation using a rigid water column model in the water 
phase.  

This research focuses on the implementation of unsteady friction model for predicting filling 
operations using a rigid water column model. The current analysis is presented for a water 
pipeline without admitted air. The Brunone model [11] was included to simulate the friction factor 
[11]. The Moody [12], Wood [13], Hazen-Williams [14], and Swamee-Jain [15] were used to 
analyse a steady friction factor. The mathematical model was validated using an experimental 
facility with a pipe length of 3.867 m. The mathematical model using an unsteady friction factor 
was applied to a practical application to observe air pocket pressure, water velocity, and length of 
a water column variations.  

2 MATHEMATICAL MODEL 

2.1 Equations 

 Mass oscillation equation: equation (1) represents the behaviour of a water column along
of an entire pipe system.

𝑑𝑣௙
𝑑𝑡

ൌ
𝑝଴∗ െ 𝑝ଵ∗

𝜌௪𝐿௙
൅ 𝑔

∆𝑧ଵ
𝐿௙

െ 𝑔𝐽 െ
𝑅௩𝑔𝐴ଶ𝑣௙ห𝑣௙ห

𝐿௙
(1) 

Where 𝑣௙ ൌ water filling velocity (m/s); 𝑝଴∗ = initial pressure supplied by a tank or a pump (Pa); 
𝑝ଵ∗ =  air pocket pressure (Pa); 𝜌௪ =  water density for a specific environmental temperature; ∆𝑧ଵ= 
difference elevation of ends of a pipe installation; 𝑔 = gravitational acceleration (m/s2); 𝐿௙= length 
of a water filling column; 𝐽 = unsteady friction losses per unit length (m/m); 𝑅௩ = resistance 
coefficient of a valve (s2/m5); and  𝐴= cross-sectional area of a single pipe. 

The unsteady friction losses term is expressed as: 

𝐽 ൌ 𝑓
𝑣௙ห𝑣௙ห
2𝑔𝐷

൅
𝑘ఋ
𝑔
𝑑𝑣௙
𝑑𝑡

(2) 

Where 𝑓 = friction factor; 𝐷 = internal pipe diameter; and 𝑘ఋ  = Brunnone friction coefficient. 

The left term in equation (2) represents the steady friction losses per unit length; in constant, the 
right term simulates the variation over time of friction losses. 
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The Brunnone coefficient can be computed using the formula as follows: 

𝑘ఋ ൌ
√𝐶∗

2
(3) 

The Vardy’s shear decay coefficient (𝐶∗ሻ is calculated depending on the flow regime: for a laminar 
flow (Re < 2000) its value is 0.00476; and calculation for a turbulent flow (Re > 4000) is computed 
using equation (4). 

𝐶∗ ൌ
7.41

Re୪୭୥ሺଵସ.ଷ/ୖୣబ.బఱሻ
(4) 

Where Re = Reynolds number. 

By plugging equations (2), (3), and (4) into equation (1): 
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(5) 

The coefficient ሺ𝜔ሻ is introduced to represent either SFM or UFM.  A value 𝜔 = 0 implies a SFM, 
while a value 𝜔 = 1 represents simulation using an UFM. 

 Piston-flow model: a perpendicular air-water interface was considered for simulating a
filling operation, which is modelled using Equation (6).

𝑑𝐿௙
𝑑𝑡

ൌ 𝑣௙ (6) 

 Polytropic model: this formulation describes how the air pocket size changes with air
pocket pressure pulses. These changes are described by the polytropic law (see Equation
(7)) which is applied without injected air into hydraulic installations.

𝑝ଵ∗𝑥௞ ൌ 𝑝ଵ,଴
∗ 𝑥଴௞ ൌ constant  (7) 

Where 𝒙 = air pocket size (m) and 𝒌= polytropic coefficient. 

The polytropic coefficient describes a type of thermodynamic evolution. A value of 1.0 indicates 
an isothermal process, while a value of 1.4 simulates an adiabatic evolution. Intermediate values 
consider a polytropic behaviour.  

2.2 Friction factor formulations 

The friction factor is a dimensionless parameter, which is used in fluid dynamics to compute head 
loss (or pressure loss) due to friction in pipeline installations. Table 1 shows different 
formulations that have been used to compute the friction factor considering various boundaries 
of Reynolds number, relative roughness, water filling velocity, regime flow, and internal pipe 
diameter [16, 17]. Equations from (4) to (10) are used to evaluate the sensitivity of the filling 
model described in section 2.1.  
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Table 1. Friction factor formulations 

Author Equation Equation 
number 

Application range 

Laminar flow (Re < 2000) 

Hagen-
Poiseuille 𝑓 ൌ

64
Re

(8) -

Turbulent flow (Re > 4000) 

Swamee-
Jain 𝑓 ൌ

0.25

൤log ൬ 𝑘௦
3.7𝐷 ൅ 5.74

Re଴.ଽ൰൨
ଶ

(9) Transition zone
 (10-6<ks/D<2x10-2; 
3x103<Re<3x108) 

Moody 
𝑓 ൌ 0.0055 ൥1 ൅ ቆ20000

𝑘௦
𝐷
൅

10଺

Re
ቇ
ଵ/ଷ

൩
(10) ks/D>0.01 

Wood 𝑓 ൌ 0.094 ൬
𝑘௦
𝐷
൰
଴.ଶଶହ

൅ 0.53 ൬
𝑘௦
𝐷
൰ ൅ 88 ൬

𝑘௦
𝐷
൰
଴.ସସ

Reିଵ.଺ଶቀ௞ೞ஽ ቁ
బ.భయర (11) Re>10000;10-5<ks/D<0.04 

Hazen-
Williams 𝑓 ൌ

133.89

𝐶ுௐଵ.଼ହଵ𝐷଴.଴ଵ଻𝑣௙଴.ଵହRe଴.ଵହ
(12) D>75 mm; vf<3 m/s

Where ks is the absolute roughness, and CHW is the Hazen-Williams coefficient. 

3 VALIDATION MODEL 

An experimental facility was configured (see Figure 1) at the Hydraulic Lab at the University of 
Lisbon (Lisbon, Portugal) to check the governing equations presented in Section 2.1. The 
installation is composed of a hydro-pneumatic tank to supply various initial pressure, a 7.6-m-
long PVC pipe, a pressure transducer located at the highest point of the installation, a manual valve 
(MV1) to isolate the pipeline from the hydro-pneumatic tank, and four electro-pneumatic valves 
(BV1 to BV4). BV1 and BV2 remain opened during the filling phenomenon occurrence. Air pockets 
are injected in the highest point of system, where the pressure transducer is located. An initial air 
pocket size (x0) of 0.517 m is configured for all experimental tests. The right water column remains 
constant during experiments (named as blocking water column). A 3.867-m-long total left branch 
pipe is used to produce a filling operation, which includes lengths of the inclined and vertical 
branch pipes (see Figure 1). The filling process begins with the opening of the BV4. A synthetic 
manoeuvring of BV4 was introduced considering an opening time of 0.2 s (given by the 
manufacturer) with a resistance coefficient (Rv) for a full opening of 1.7x105 ms2/m6. Immediately, 
the filling water column (left water column) starts to fill the hydraulic system while a compression 
of the injected air pocket is provoked. Valve BV3 is closed to produce a rapid compression of the 
entrapped air. The blocking water column acts as a boundary condition, producing a behaviour 
like a single pipeline. In this sense, the filling process of this installation is simulated using 
equations (1), (2), and (3). The hydro-pneumatic tank was configured using an initial gauge 
pressure (Ht) of 1.25 bar. Values of 𝑝଴∗ were computed as the sum of Ht and atmospheric pressure. 
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Figure 1. Experimental facility 

Unsteady friction models are more adequate than steady friction models to represent filling 
operations with entrapped air since involves a variable friction factor during transient event. The 
Brunnone friction coefficient was used to evaluate this evolution. In addition, the Swamee-Jain 
equation (see equation (9)) was used to calculate the variation of the friction factor in steady flow. 
This equation was utilized considering that results are similar compared to the Colebrook-White 
formula (based on a physical formulation). Reynold numbers ranging from 0 to 2000 (laminar 
flow) were modelled using equation (8), while the remaining conditions of Reynold numbers were 
simulated using the Swamee-Jain formulation, since is suitable for values located at critical and 
turbulent zone flow. 

The polytropic coefficient (k) was calibrated for three kinds of evolution: (i) an isothermal process 
(k = 1.0), (ii) an intermediate process (k = 1.2), and (iii) an adiabatic process (k = 1.4). Figure 2 
presents a comparison of the mentioned polytropic coefficients the analysed run, where the best 
result is obtained using an isothermal evolution since the mathematical model can follow 
fluctuations of the average experimental. Using a polytropic coefficient of k = 1.0 (isothermal 
process), the peak of air pocket pressure head is 50.00 m; while for intermediate and adiabatic 
processes, values of 48.14 and 47.19 mm are reached, respectively. Therefore, a polytropic 
coefficient of k = 1.0 was selected for the analysis, which the pressure head peak is compared with 
the measured value of 50.42 m. Also, the mathematical model for UFM can represent oscillations 
of measured air pocket pressure patterns. Figure 2 shows how the mathematical model is suitable 
to represent air pocket pulses. 

Figure 2. Comparison of values of polytropic coefficients with regards to average experimental of air pocket 
pressure pulses using the UFM 
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4 PRACTICAL APPLICATION 

The mathematical model was performed to study the behavior of the filling operation in a single 
pipeline with the characteristics as follows: a total length (LT) of 1000 m, an internal diameter (D) 
of 595 mm, a longitudinal slope of 10°, an absolute roughness (ks) of 0.0015 mm, a polytropic 
coefficient of 1.2, an initial hydro-pneumatic absolute pressure (p0*) of 226387 Pa, an initial air 
pocket (x0) of 900 m, and a resistance coefficient (Rv) of  12 ms2/m6 for a total opening condition. 
The numerical resolution of algebraic-differential equations (5) to (7) was carried out using the 
method ODE 23s in Matlab. For all simulations, the air pocket is at atmospheric conditions (p1*).  

The UFM was performed considering the Swamee-Jain equation. Results are shown in Figure 3. 
According to these values, a sudden increased trend is presented at the beginning of the hydraulic 
event (see Figure 3a). A maximum value of air pocket absolute pressure head of 259.67 m is 
reached at 118.7 s, which is 11 times higher compared to the initial pressure supplied by the 
hydro-pneumatic pressure tank of 226387 Pa (or 23.08 m). After that, some oscillations are 
presented, and at the end the air pocket pressure pattern trends to be a constant around of 182 m 
(from 400 to 1000 s). Regarding the water velocity (see Figure 3b), it increases rapidly reaching 
a maximum value of 8.50 m/s at 79.7 s. When the air pocket pressure pattern attains its maximum 
value (at 118.7 s), then the water velocity is null. Then, some pulses are presented along of a value 
of 0 m/s, which indicates that the water column is reaching a rest condition. The length of the 
water column beings with an initial value of 100 m. After the instant opening of the discharge 
valve, the pipe is quickly filled by the water replacing the air column (see Figure 3b). The 
maximum value is obtained at the same time for the condition of the maximum value of air pocket 
pressure (at 118.7 s).  

(a) Air pocket pressure
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(b) Water velocity and length of the filling water column

Figure 3. Evolution of air pocket pressure, water velocity, and length of the filling water column pulses for the 
practical application 

The UFMs also show the variation of the Brunnone friction and Vardy’s shear decay coefficient, 
which depend on Reynolds number. Figure 4 shows the evolution of the Reynolds number and 
these coefficients. For the analysed scenario, Reynolds number varies from 0 to 5,061,794, 
following the same trend of the water velocity (see Figure 3b). The maximum value of Reynold 
number is found at 0.25 s and 0.24 s for Runs No.1 and No. 2, respectively. Brunnone friction and 
Vardy’s shear decay coefficients have a similar trend. The higher Reynolds number, the lower 
Brunnone friction and Vardy’s shear decay coefficients are obtained. The hydraulic transient 
starts with values of C* and k of 0.0047 and 0.034, respectively, which corresponds to the 
conditions of the laminar flow. After that, from 0 to 118.7 s, the values of these coefficients 
decrease since the water velocity pattern (see Figure 3b) reaches its maximum values. At the end 
of the transient event, an increasing trend of these coefficients are presented from 118.7 s. 
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(b) Brunnone friction coefficient (k)

(c) Vardy’s shear decay coefficient (𝐶∗ሻ

Figure 4. Analysis of patterns of variables: (a) Reynolds number, (b) Brunnone friction coefficient, and (c) 
Vardy’s shear decay coefficient 

The SFM and UFM were compared to note the discrepancy in the determination of air pocket 
pressure pattern. Figure 5 shows how both models can follow the same trend during the entire 
transient event. In this sense, peak values of air pocket pressure head of 259.55 and 259.67 m are 
obtained for the SFM and UFM, respectively. Also, the peak values occurrence is obtained closely 
with time of 119.2 and 118.7 s for the SFM and UFM, respectively. 
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Figure 5. Comparison of air pocket pressure pulses between UFM and SFM 

The analysis of the friction factor was performed considering Moody, Wood, and Hazen-Williams 
equations, as shown in Figure 6a. Swamee-Jain equation provided similar results using SFM and 
UFM.  The friction factor has an increasing trend, and at the end of the hydraulic event it converges 
to an asymptotic value of 0.022. In addition, Moody equation also provides a good accuracy since 
its trend is similar compared to the results of Swamee-Jain equation. Wood equation gave lower 
values of friction factor than Swamee-Jain equation. The worst results were obtained using Hazen-
Williams equation due to the hydraulic system exhibits water velocities higher than 3 m/s from 
1.28 to 114.97 s (see Figure 6b), where the analysed empirical equation is not applicable.    
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(b) Water velocity

Figure 6. Analysis of friction factor formulations with UFM and SFM 

5 CONCLUSIONS 

A mathematical model to simulate filling processes without admitted air (or air valves) is 
developed considering an unsteady friction model, which is based on a rigid water column model, 
a piston flow model, and a polytropic model. The mathematical model was validated in an 
experimental facility of 7.6-m-long PVC pipe, where the analysed filling operation was performed 
slowly obtaining an isothermal evolution. Results confirm that the mathematical model is suitable 
to simulate experimental measurements of air pocket pressure. UFM provided a better calibration 
compared to SFM.  

A practical application of a water installation is presented to note the responses of variables of 
Brunone model (Brunnone friction and Vardy’s shear decay coefficient). Swamee-Jain equation 
was calibrated with measured data and used as a reference model for the friction factor. Moody, 
Wood and Hazen-Williams equations where evaluated for computing the friction factor. Results 
show that Moody equation provides a good accuracy compared to the results obtained from 
Swamee-Jain equation. Wood equation gave lower values of friction factor than Swamee-Jain 
equation. Hazen-Williams equations is not recommended for filling operations since water 
velocities reach values higher to 3 m/s. 

Authors suggest that futures works can focus on the assessment of filling operation with air valves 
considering unsteady friction models. 
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