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RESUMEN DE LA TESIS DOCTORAL

Dispositivos refractivos para
ondas acusticas y flexurales

de

Alfonso Climente Alarcén
Doctor en Ciencias por el Departamento de Ingenieria Electrénica
Universitat Politecnica de Valencia, Valencia, Diciembre 2014

El objetivo de esta tesis doctoral ha sido el diseno y demostracion de
dispositivos refractivos, no sélo para las ondas acusticas, sino también
para ondas flexurales en placas delgadas.

Matematicamente estos problemas han sido tratados por medio de
la teoria de la dispersion mltiple. Esta teoria es adecuada para los ca-
sos aqui tratados ya que las geometrias de los problemas son principal-
mente circulares. En este manuscrito, describimos la teoria de dispersién
multiple ya empleada en trabajos anteriores. Asimismo, desarrollamos
un analogo de la teoria para ondas flexurales en sistemas multicapa. El
algoritmo queda aqui detallado y ha sido utilizado con éxito para sim-
ular numéricamente el comportamiento de distintos dispositivos. Por lo
tanto, este manuscrito esta divido en dos partes.

La primera parte se centra en dos dispositivos acsticos refractivos:
una lente de indice de gradiente y un absorbente actstico omnidirec-

(13

cional de banda ancha, o “ agujero negro acustico ”. Ambos se basan
en cristales sénicos compuestos de cilindros rigidos sumergidos en aire.
Como establece el método de homogeneizacion, el indice de refraccién
deseado puede obtenerse mediante la variacion de los radios de los cilin-
dros. Una vez disenados los dispositivos, se llevaron a cabo simulaciones
numéricas y mediciones para probar el comportamiento de cada uno de
ellos. Para este proposito, se desarrollaron dos sistemas de medicion es-

pecificos, la cdmara bidimensional y la camara de impedancias, ambas



quedan explicadas en detalle en esta tesis.

La segunda parte describe el disenio de dispositivos refractivos para
ondas flexurales. En lugar de usar “cristales platonicos”, se ha hecho
uso de la relacion de dispersién peculiar de este tipo de ondas. Como
establece la ecuacion de propagacion, la velocidad de onda se ve mod-
ificada, no sélo por las propiedades elasticas de la placa, sino también
por su espesor. El uso de este tltimo enfoque nos ha permitido simular
numéricamente una serie de lentes de gradiente de indice radialmente
simétricas ya conocidas en la literatura. Asimismo, se ha disenado un
dispositivo omnidireccional de banda ancha para aislar de las ondas flex-
urales una regiéon de una placa delgada. Costa de una region anular con
un perfil de espesor que imita la combinacién de un potencial atractivo
y otro repulsivo. Las ondas se concentran en su parte inferior y se disi-
pan por medio de una capa absorbente colocada sobre la placa. Tras
presentar simulaciones numéricas, los resultados son discutidos.

Por 1ltimo, presentamos un resonador en el plano para ondas flex-
urales consistente en un agujero atravesado por una varilla rectangular.
Para resolver el problema, se acoplan las ecuaciones de movimiento de
Kirchhoff-Love y Euler-Bernoulli, y se introduce una forma compacta de
la matriz de transferencia. Para demostrar su validez, las simulaciones
numéricas obtenidas mediante este algoritmo son contrastadas contra un

simulador comercial basado en elementos finitos.



RESUM DE LA TESI DOCTORAL

Dispositius refractius per a
ones acustiques i flexurales

de

Alfonso Climente Alarcén
Doctor en Ciencies pel Departament d’Enginyeria Electronica
Universitat Politecnica de Valencia, Decembre 2014

L’objectiu d’aquesta tesi doctoral ha estat el disseny i demostracié de
dispositius refractius, no només per les ones acustiques, siné també per
ones flexurales en plaques primes.

Matematicament aquests problemes han estat tractats per mitja de
la teoria de la dispersié multiple. Aquesta teoria és adequada per als
casos aqui tractats ja que les geometries dels problemes sén principalment
circulars. En aquest manuscrit, descrivim la teoria de dispersié muiltiple
ja emprada en treballs anteriors. Aixi mateix, desenvolupem un analeg
de la teoria per ones flexurales en sistemes multicapa. L’algorisme queda
aqui detallat i ha estat utilitzat amb exit per simular numericament el
comportament de diferents dispositius. Per tant, aquest manuscrit esta
dividit en dues parts.

La primera part se centra en dos dispositius acustics refractius: una
lent d’index de gradient i un absorbent actustic omnidireccional de banda
ampla, o “forat negre acustic”. Tots dos es basen en cristalls sonics com-
postos de cilindres rigids submergits en aire. Com estableix el metode
d’homogeneitzacio, I'index de refraccié desitjat es pot obtenir mitjanant
la variacio dels radis dels cilindres. Un cop dissenyats els dispositius,
es van dur a terme simulacions numeriques i mesuraments per provar el
comportament de cada un d’ells. Per a aquest proposit, es van desen-
volupar dos sistemes de mesura especifics, la camera bidimensional i la

camera d’impedancies, ambdues queden explicades en detall en aquesta



tesi.

La segona part descriu el disseny de dispositius refractius per ones
flexurales. En lloc d'usar “vidres platonics”, s’ha fet 1s de la relacio
de dispersié peculiar d’aquest tipus d’ones. Com estableix 'equacié de
propagacié, la velocitat d’ona es veu modificada, no noms per les propi-
etats elastiques de la placa, sind tamb per la seva espessor. L'is d’aquest
ultim enfocament ens ha permes simular numericament una serie de lents
de gradient d’'index radialment simetriques ja conegudes en la literatura.
Aixi mateix, s’ha dissenyat un dispositiu omnidireccional de banda am-
pla per aillar de les ones flexurales una regié d’una placa prima. Costa
d’una regié anullar amb un perfil de gruix que imita la combinacié d’un
potencial atractiu i un altre repulsiu. Les ones es concentren a la part
inferior i es dissipen per mitja d’una capa absorbent collocada sobre la
placa. Després de presentar simulacions numeriques, els resultats sén
discutits.

Finalment, presentem un ressonador en el pla per ones flexurales
consistent en un forat travessat per una vareta rectangular. Per resol-
dre el problema, s’acoblen les equacions de moviment de Kirchhoff-Love
i Euler-Bernoulli, i s’introdueix una forma compacta de la matriu de
transferencia. Per demostrar la seva validesa, les simulacions numeriques
obtingudes mitjanant aquest algorisme sén contrastades contra un sim-

ulador comercial basat en elements finits.



ABSTRACT OF THE DOCTOR THESIS

Refractive devices for
acoustical and flexural waves

by

Alfonso Climente Alarcén
Doctor of Science in the Ingenieria Electronica department
Universitat Politecnica de Valencia, Valencia, December 2014

The aim of this work has been the design and demonstration of re-
fractive devices, not only for acoustic waves, but also for flexural waves
in thin plates.

Mathematically these problems have been treated by means of the
multiple scattering theory, because the geometries of the problems were
mainly circular and such theory is the best one in these cases. The multi-
ple scattering theory, previously stated, is here explained. Additionally,
a multilayer scattering theory for flexural waves is here introduced and
successfully used to numerically simulate their behavior. Therefore, this
PhD thesis is divided in two parts.

The first part is devoted to describe two acoustic refractive devices: a
gradient index lens and an omnidirectional broadband acoustic absorber,
or “acoustic black hole”. Both are based on sonic crystals consisting
of of rigid cylinders immersed in a fluid background. As the homoge-
nization method states, the desired refractive index can be obtained by
tailoring the radii of the cylinders. Thereafter, numerical simulations
and measurements were conducted to test the behavior of each device.
For this purpose, two specific measuring systems were developed: the
two-dimensional chamber and the impedance chamber. Both are here
explained in detail.

The second part describes the design of refractive devices for flexural

waves. Instead of using “platonic crystals”, we made use of the pecu-



liar dispersion relationship of flexural waves. As the equation states, the
wave speed is modified not only by the elastic properties of the plate, but
also from its thickness. Using the latest approach a set of numerical sim-
ulations of known circularly symmetrical gradient index lenses have been
performed. Additionally, an omnidirectional broadband insulating device
for flexural waves has been designed. It consist of a well-like thickness
profile in an annular region of the plate, that mimics the combination
of an attractive and repulsive potentials. The waves are focused at its
bottom and dissipated by means of an absorptive layer placed on top.
Numerical simulations are here presented and discussed.

Finally, we present an in-plane flexural resonator, consisting of a hole
in a thin plate traversed by a beam. Here, a closed form of the trans-
fer matrix is obtained by coupling the Kirchhoff-Love and the Euler-
Bernoulli motion equations. Numerical simulations, tested against a

commercial finite element simulator, prove its efficiency.
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State of the Art

Music has been a part of every known culture, past and present. Since all
people of the world, including the most isolated tribal groups, have a form
of music, it may be concluded that music is likely to have been present
in the ancestral population prior to the dispersal of humans around the
world. Consequently music may have been with us for at least 50,000
years, varying widely between times and places. But, from a scientific
point of view, music is a compilation of sound waves generated by the
vibration of materials.

Since the time of Pythagoras, in the ancient Greek (6th century BC)
the propagation of sound waves, and the reason explaining why some
combinations of musical sounds seemed more beautiful than others has
driven the research on acoustics. Later on, in about 20 BC, the Ro-
man architect and engineer Vitruvius wrote a treatise on the acoustic
properties of theaters including discussion of interference, echoes, and
reverberation. Also Galileo Galilei, in the 16th century contributed to
this field. But it was not until the 19th century where Lord Rayleigh
combined, in his monumental work The Theory of Sound (1877), his
own copious contributions to the field of acoustics with the work of an-
other major figure of mathematical acoustics, Hermann von Helmholtz.
One year later, in 1888, Augustus Edward Hough Love, using assump-
tions proposed by Gustav Kirchhoff, expanded the one-dimensional beam
theory developed by Leonhard Euler and Daniel Bernoulli to create a
two-dimensional mathematical model used to determine the stresses and
deformations of thin plates. From that point on, the acoustics and vi-
brations fields saw an increasing number of research lines in the 20th
century. In this manuscript we will focus on two main topics: acoustic

and flexural metamaterials.

Acoustic metamaterials

Acoustic metamaterials were developed in parallel with the study of

electromagnetic metamaterials introduced by John Pendry during the



4 Introduction

90’s [60]. The boost in the study of acoustic metamaterials began with
the fabrication and demonstration of sonic crystals [67]. A sonic crys-
tal consists of a periodic distribution of inclusions immersed in a fluid
background. Commonly, these structures present, for frequencies of the
order of the lattice separation, a band of frequencies (band gap) in which
the sound propagation is forbidden because of Bragg reflection. For the
case of two-dimensional (2D) sonic crystals (SC), this behavior has been
already analyzed in a broad range of frequencies [67]. However, these
2D metamaterials usually gain special properties from structure rather
than composition, using the inclusion of small inhomogeneities to enact
effective macroscopic behavior [17,42]. Therefore, in the range of low
frequencies (homogenization limit) they behave like homogeneous media
whose effective acoustic parameters, dynamical mass density, and bulk
modulus, basically depend on the lattice filling fraction [32,48,74,76].

The homogenization properties of sonic crystals have been employed
to design refractive devices like, for example, acoustic lenses whose focus-
ing properties are based on their external curved surfaces [11,25,49], flat
surface lenses [3] or FabryPerot type acoustic interferometers [68]. Ad-
ditionally, other type of flat lenses, like the gradient index ones (GRIN)
have also been designed as sonic crystals (SC). Like their optical coun-
terparts, the proposed 2D GRIN SC lenses have flat surfaces and are
of easier fabrication than curved SC lenses. The propagation of sound
through the medium is obtained by tuning the local refractive index of
the lens. Theoretical demonstrations have been proposed were the in-
dex gradient was obtained by changing the SC filling fraction, which is
directly related to the local refraction index, [77]; or by changing the
material composition of the cylinder along the lens [39]. More recently, a
GRIN SC lens based on a different approach has been proposed and ex-
perimentally demonstrated [61]; it is designed for a frequency within the
first acoustic band with negative slope. This type of GRIN lenses, work-
ing with wavelengths of the order of the lattice parameter, tend to have
a very small working bandwidth centered on the single operational fre-

quency at which they have been designed. Experimental demonstrations



of acoustic lenses were then reported for airborne [90], and underwa-
ter [46] sound propagation.

Other interesting proposals with electromagnetic metamaterials have
also influenced new research lines in acoustics. This is the case of the “op-
tical black-hole” introduced by Narimanov and Kildishev [30,52]. This
work inspired several theoretical proposals for EM waves [21,56,81], as
well as numerical realizations based on photonic crystals [40,43] and an
experimental demonstration [13,89]. Following these results with electro-
magnetic metamaterials, “acoustic black holes” based on sonic crystals
were also theoretically proposed [38] with a performance similar to that
for electromagnetic waves. Experimental results were then conducted for
airborne sound [79] and underwater waves [51].

Flexural metamaterials

Elastic metamaterials have been a hot topic in the last years. How-
ever, in this work we focus on the propagation of flexural waves through
thin plates [24,37,72]. One type of elastic metamaterials are the so
called platonic crystals, which were developed also as the counterpart of
electromagnetic metamaterials. They consist on periodic arrangements
of scatterers or inclusions. The simplest form is obtained by drilling
holes whose radii is changed according to a specific relationship hole
radius-refractive index. The scattering by holes in plates has been an-
alyzed [36, 50, 54, 59, 70] and the resulting band structures have been
obtained [26,27,47]. Moreover, by introducing anisotropy in the sys-
tem, more complicated structures were designed in order to obtain novel
elastic devices [12,53].

As in the case of sonic crystals, the control of the propagation of
flexural waves by gradient index devices has been studied. Results were
reported for positive [18,82], negative [9,19,63] and double negative [41]
refractive devices. These lenses also have proved to be useful for struc-
tural testing [20,80]. Although the frequency response of the refractive

devices described above is known to be broadband, the major drawback
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is that a gradient index device requires a continuous variation of the re-
fractive index, which obviously cannot be done with discrete lattices of
holes, since the result will always be a stepped profile [71].

However, the local dependence of the elastic properties can also be
obtained by means of thickness variation. Known as wedges, these struc-
tures produce a gradual reduction in the velocity of the wave by changing
the plate’s local thickness. This approach has been employed by Krylov
and Tillman in 2004 [34]. It is based on the peculiar dispersion relation-
ship of flexural waves, which depends not only on the material of the
plate but also on its thickness, which is a parameter that can be easily
controlled at almost every scale. The approach has been extensively ap-
plied to carry out experimental investigations to achieve efficient damping
of flexural waves; first, at the edge of plates [55] and then at the plate
center [22,35] which consists of designed pits with a layer of absorbing
materials attached in the middle. For more information on these topics,
see Ref. [33].

In addition to the phenomena described above, embedding local res-
onances in a thin plate has expanded the control over the propagation
of flexural waves. [87,88]. The elastic properties were adjusted to open
band gaps in regions associated with the frequency of the resonance, in-
stead of opening in the wavelength region of the order of the structural

period, were they usually generate.

454

The local resonances have been achieved by introducing surface “in-
clusions” on top of semi-infinite mediums [29] or thin plates, such as hol-
low spheres or cylinders [65], spring-masses [85, 86], simple pillars [62],
composite pillars [57] or in-plane resonator [2]. Experiments have been
reported proving the existence of tunable band gaps by using stubs [58,84]
or piezoelectric shunts [10] on plates. Examples of potential applications
of this local resonators range from vibration absorption [5] to an elastic
analoge of graphene [75] or decreasing the vibrational response of pan-
els [14,15]. For more information on this topic the reader is addressed to

the reviews [28,45,83] and references therein.



Outline of the PhD manuscript

Apart from the introduction, the concluding remarks and the appendix,
the manuscript is divided in two main parts. These cover the main
topics of the PhD Thesis, sound waves and vibrations, and are likewise
separated into many chapters.

Part I: Sound Waves Here we cover the refractive devices for acoustic
waves. Next, the content of each chapter inside this part is detailed.

Chapter 1 presents the theoretical introduction needed to understand
the next two chapters of this part. Here Helmholtz equation, Multiple
Scattering theory and the Homogenization method are explained in de-
tail among others. Other quantities used to analyze the results, as the
acoustic intensity and the scattering cross section, are also explained.

Chapter 2 describes the design, implementation and measurement of
a gradient index sonic lens. A ray model is developed from Fermat’s
principle to predict the position of the focal spot. The experimental
setup, named as 2D chamber, is explained and, afterward, numerical
simulations are compared against the experimental results.

Chapter 3 describes the design, implementation and measurement of
an omnidirectional broadband acoustic black hole based on sonic crys-
tals. Different absorbing materials are introduced and characterized in an
impedance tube. These materials are later used as the absorbing core of
the black hole. Finally, a metamaterial core based also on sonic crystals
is designed to be the optimal absorber. The whole structure is measured
in a new experimental setup, named as 2D impedance chamber, which is
also explained in detail. Finally, the experimental results are given and
fully analyzed.

Part II: Vibrations Here we cover the refractive devices for flexural
waves. Next, the content of each chapter is detailed.

Chapter 1 presents the theoretical introduction needed to understand
the next three chapters. Here the Euler-Bernoulli and the Kirchhoff-Love
motion equations are derived. Furthermore, the multilayer scattering

theory is explained in detail. Other quantities used to analyze the re-
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sults, as the flexural energy flux and the scattering cross section, are also
explained.

Chapter 2 describes the method to design any type of gradient index
device in thin plate by tailoring the plate’s thickness. Different lenses
known in optics are numerically simulated and the results are presented.
The broadband performance is analyzed by means of the scattering cross
section.

Chapter 3 further extends the previous chapter by designing and im-
plementing an omnidirectional broadband insulating device for flexural
waves. The Ross-Kerwin-Ungar model is here explained and analyzed.
Finally, numerical simulations of the insulating device are presented and
discussed.

Chapter 4 describes the process to obtain the transfer matrix of a
flexural resonator. The resonator consists of a hole in a thin plate crossed
by a beam. The approach to obtain the transfer matrix is based on an
analoge of the acoustic impedance method, also explained. Finally, finite
element simulation are compared against the analytical model to test it.
Concluding Remarks Here the concluding remarks on each chapter of
the PhD manuscript are given. Also, the future work is introduced and
all the publications generated throughout this work are listed.
Appendix Finally, in the Appendiz, Bessel’s functions and their proper-
ties are given, paying attention to Graf’s addition theorem. Additionally,

the measurement method used in the impedance tube is explained.



Part 1

Sound waves






Chapter 1

Theoretical introduction

In this chapter, the acoustic theory needed for the next chapter is intro-
duced. Concepts like bulk modulus and mass density and the relationship
they have with the speed of sound will be explained. Additionally, the
Helmholtz equation is derived, an example of solution is given and the
boundary conditions for different systems will be explained.
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1.1 Fluid Physics

The systems researched throughout this work are comprised of two di-
mensional (2D) homogeneous isotropic materials and only linear wave
phenomena are considered. Therefore, non-linear elements will be ne-

glected.

1.1.1 Equation of motion

The equation of motion of a fluid describes how the pressure P(r,t) inside
a differential volume located at r changes with time. The pressure P is
defined as the amount of force F' acting on a surface dA as

where the minus sign comes from the fact that the force is acting on the
surface and the pressure is reacting outwards. Let us consider that a
pressure wave propagates through an homogeneous and isotropic fluid.
Then, to obtain the equation of motion it’s necessary to consider three
equations previously, which are the force equilibrium, the mass conser-
vation law and the state equation.

Force equilibrium

Figure 1.1 shows a differential element of dimensions dx X dy x dz an
mass dm on which forces F,, are acting on each of its faces. From the

definition of pressure and Newton’s second law we obtain

Y P = —g—idv = agdm, (1.1.2)
P

Y F, = —8—de = a,dm, (1.1.3)
oP

Y P = ——5 AV = a.dm, (1.1.4)
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"
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Figure 1.1: Differential element of a fluid with forces acting perpendicular

to each face of the volume dV'.

where a,, is the acceleration in the x;-direction. Taking into account the
definition of mass density p = dm/dV both the three equations can be
combined as

ov

VP =pa=po,

(1.1.5)

being v = dr/dt the particle velocity vector.

Mass conservation Law

The mass conservation law states that the decreasing mass in a given
volume equals the mass flux through the surface boundary S of such

%///Vpd\/:—//spv-ds, (1.1.6)

volume, i.e.
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where the right hand side can be converted into a volume integral apply-
ing Gauss’ theorem

%///Vpdl/:—///VV(pv)dV, (1.1.7)

therefore, the continuity equation is

dp
V(pv) + 5% 0. (1.1.8)

State equation

The state equation is derived from the Bulk modulus, which is defined
as the ratio of the infinitesimal pressure increase to the resulting relative

decrease of the volume.

dP dP

B— Vo — )
av P

B
— dP = —dp. (1.1.9)
P
Taking into account Eq. (1.1.1) and applying the chain rule to differen-
tiate Eq. (1.1.9) with respect to space r and time ¢ we can obtain the
following equation

oP B
- VP = =
8tdt+dr \V4 p(

dp

. 1.1.1
iy dt + dr Vp) , ( 0)

then dividing by dt we obtain the state equation

oP B (0p
WJFV.VP_Z(EJFV-V;)). (1.1.11)

Helmholtz equation

Once the three equations are obtained, by neglecting non-linear terms,

they can be rewritten as
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VP + p% =0, ((1.1.5) revisited)
dp .
n +v-Vp=—pV.v, ((1.1.8) revisited)
P B
88_75 - (% +v- V,o) = 0. ((1.1.11) revisited)

By combining Eq. (1.1.8) and (1.1.11) we obtain

oP
o TBY-v=0. (1.1.12)

Taking the derivative of Eq. (1.1.5) with respect to space and the
derivative of Eq. (1.1.12) with respect to time and combining them we
arrive to the well known Helmholtz equation

p O°P

‘p+ L2 =, 1.1.1
\V4 +Bat2 0 ( 3)

Equation (1.1.13) shows, that the Bulk modulus B and the mass density
p define the acoustic properties of an isotropic fluid. Sometimes these
parameters are given in terms of the sound speed c or the characteristic
acoustic impedance Z, which are defined as

B
c= \/;, (1.1.14)

Z = pc. (1.1.15)

1.1.2 Solutions to the Helmholtz equation

To show an example of the solution of Equation (1.1.13), let’s consider an
homogeneous 2D fluid media with Bulk modulus B and mass density p.
Considering time harmonic solutions of the form e~**, then the solution

of the Eq. (1.1.13) for Cartesian coordinates has the following form
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where the C’i(x) and Ci(y) are coefficients to be determined with the bound-
ary conditions and k; are the wave number components, such that
pw’

2 2 2

In a similar way, the solution of Eq. (1.1.13) (polar coordinates) is an
expansion in g-terms of Bessel functions (see Appendix A). The incoming
and outgoing waves are expressed as a combination of regular Bessel
functions J,(x) and first kind Hankel functions H,(x) = J,(z) + iY,(z),
respectively, i.e.

P(r,0) = [AgJy(k,r) + ByH,(k,r)] €, (1.1.18)

where the A, and B, are coefficients to be determined using the boundary

conditions. In addition, k, is the wave number obtained from
—_. (1.1.19)

1.1.3 Boundary conditions

To couple the solution of the equation of motion of two different media,
the boundary conditions have to applied at the interface between the two
media €2. For the case of two fluid media, continuity of the pressure and

the normal speed has to be accomplished.

P, = P*|,. (1.1.20a)
vilg=vil,- (1.1.20Db)

Notice that the particle velocity v can be defined in terms of the pressure
P using Eq. (1.1.5).

From the equations above every other boundary condition can be
specified. The most common are the rigidly condition, when the wave
impinges a rigid object in which the particles cannot be displaced, so
that
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vil, =0, (1.1.21)
and the vacuum condition, where the lack of particles makes it impossible

to have a pressure, so

pP|,=0. (1.1.22)

1.2 Single scatterer

When an external field impinges a close region 2 with different acoustic
parameters than the background, a scattering phenomenon occurs. In
the present work, the close region is considered an infinite long cylinder
and therefore the problem will be solved using Polar coordinates in 2D.

Let us consider a fluid cylinder with radius R, and acoustic param-
eters (By, p,) immersed in a fluid background with acoustic parame-
ters (By, pp) as schematically depicted in Fig 1.2. The solution of the

Helmholtz equation in each medium (in polar coordinates) takes the form

pline) 4 pleeat) =N A T (kyr)e®” +> " By Hy(kyr)e'™ v > R,

q q
(1.2.1a)
Pl — ZC’qu(k:ar)eiqe r < R,
q
(1.2.1b)
where
ky = %l;w, (1.2.2a)
ko = /220, (1.2.2b)
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Figure 1.2: Single scatter with radius R, and acoustic parameters (By, pq)
immersed in a fluid background with acoustic parameters (By, pp). An
incoming wave Fj,. impinges the cylinder and generates a scattering wave

P...: and an internal wave P;,,;.

and Pne) p(seat) and PO defines the incoming, scattered and internal
wave, respectively. Notice that the field inside of the cylinder does not
have an outgoing wave, since there is no source inside.

In the general problem, the incoming coefficients A, are the inputs
and the scattered coefficients B, are the outputs. Therefore, both of
them can be related through a infinite matrix called the transfer matrix

or T-matrix as

By| = |- Ty ---| |As (1.2.3)

To obtain the T-matrix it is necessary to apply the boundary condi-

tions of a circular interface [Eq. (1.1.20)] to our system
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(P(znc) + P(scat)) |r:Ra _ P(mt) |r:Ra 7 (124&)
1 ap(mc) ap(scat) 1 8P(mt)
1 n S , (1.2.4D)
Ob ar or r—r, Pa O | _p

leading to the following system of equations

ZA J(kyR,) “19+ZBH (kyR,)e'® = ZCJ (koRy)e',
(1.2.5a)
k—: > ATy (kRa)e ™ + Y " ByH (kyRy)e' ™ = % > Codl(koRa)e'™.
q q q (1.2.5b)

The sums in ¢ can be eliminated multiplying by e’ and integrating
from 0 to 27. In this case only the terms s = ¢ are different than zero
and the equations become

Ay (kyRy) + ByHy(kyRy) = Cyy(kaRa), (1.2.6a)
k kq
pbA Ji(kyR,) + ByH.(kyR,) = p—ch;(kaRa). (1.2.6b)
b a

Solving this system of equations we obtain the relationship between
the coefficients as

T — & . qu(;(kbR&> - Jq(kbRa) (1 2 7&)
1 Aq H(’Z(kbRa) — Hq(kbRa)’
C,  Jy(kyRa) + T, H,(kyRo)
-4 _ 1.2.7b
A To(ka ) : (1.2.7b)

£S)

where
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pake Jq(kalla)
= —_ 1.2.8
pq pbka J(;(kaRa) ( )

For the cylinder case, the T-matrix is diagonal and note that these equa-
tions are only valid when the center of the coordinate system coincides

with the center of the cylinder.

1.2.1 Types of incoming waves

Figure 1.3: Source types: (a) Plane wave with wavenumber k and (b)

cylindrical point source at (R, ®5) impinging a cylinder at (R,, ®,).

As shown previously, to obtain the scattering coefficients, the incom-
ing field impinging the system has to be expressed as a combination of
Bessel functions with arguments given in polar coordinates r = (r,0).
Additionally, if the cylinder is not centered at the origin of coordinates,
the reference frame of the incoming field has to be shifted to coincide
with the one of the cylinder. The most common incoming waves are the
plane wave and the cylindrical point source.

Plane Wave

The plane wave is a constant-frequency wave whose wavefronts (surfaces

of constant phase) are infinite parallel planes of constant peak-to-peak
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amplitude normal to the phase velocity vector. This incoming field is
defined by the wavenumber k = k = k(cos(6,), sin(6,)) and is represented
by

Py(r) = ™, (1.2.9)
By using the integral definition of the Bessel function [1] it can be
given as
Py(r) =Y [ ] Jy(kr)e'’ =" A, (kr)e'™. (1.2.10)
q q

When the scatter is not placed at the center of the coordinates, the
incoming wave can be expressed in a different reference frame «, shown
in Fig. 1.3(a), as

Py(ry) = ekRagikre — Z [iqek'R"‘e”'qes} Jq(kra)eiqea
! } (1.2.11)
= (Aq)an(k:ra)equa,

wherer, =r — R,

Cylindrical point source

The point source is defined as a Hankel function of the same order £. Let
us consider a cylindrical point source ¢ = 0 with wavenumber k located
at Ry = (R, ®s) as shown in Fig. 1.3(b), then the incoming pressure
pressure field is defined as

P,(r) = He(kry)e™, (1.2.12)

where ry = r — Ry = (r5,0,). Using Graph’s Addition Theorem (see
Appendix A.3), the previous equation can be expanded in regular Bessel

functions and expressed in a different frame «, shown in 1.3(b), as
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Py(ro) = Z [Hq—g(kRas)ei(g_q)q’as] Jq(k’ra)eiq‘ga =

3 (Ag)ady(kra)eie®e, (1.2.13)

q

wherer, =r — R,.

1.3 Multiple scattering

A
Z
Yy
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2R cyl
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e ——
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‘Da Rtl 2 N,
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Figure 1.4: Cluster of N=2 cylinders located at (R,, ®,) and (Rg, ).

Consider a cluster of N cylinders with arbitrary position located at
(Ra, ®,) and radius R% with o = 1,2,..., N as shown if Fig. 1.4. If an
external field interacts with the cluster, the total field incoming on the a-
cylinder will be a combination of the incident field and the scattered field
of all the other cylinders. Therefore the system is completely coupled as
the wave "bounces” back and forth through the cluster.

Let us define the total incoming field as Pémc), which takes into ac-

count all the incoming waves arriving to the a-cylinder; and the total
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scattered field as P, Their expressions have the form

PO(éZnC) — Z(AgT))aJS(kbr)eiSH’ (131&)
Po(éscat) _ Z(BéT))qu(kb,r)eiQQ’ (131b>

q

where (AgT))a and (B(ET))Q are the total incoming and scattered coeffi-

cients, which are related by

(B(ET))O( - Z(TqS)a(AgT))a- (1.3.2)

As was explained in the previous chapter, the T-matrix relates the
incoming and the scattered wave, but only when the center of the co-
ordinate system and the cylinder coincide. To change the position of
the origin of coordinates, Graph’s Theorem (see Appendix A.3) can be
applied, such that the total scattering field created by the [-cylinder
described as

Py (rg,05) =Y (BD)gH, (kyrg)e™, (1.3.3)

r

can be rewritten in the system of coordinates centered at o as

P (ra,00) = > (B > [Hoy (kyRag)e' "% ] T, (yra )™

' ) (1.3.4)
Then the total incident field on the a-cylinder is written as
P =3 (A)ads(kora)e™ + " P (1o, 6,), (13.5)

s B#a

where (Ay), are the incoming coefficients of the external field expressed
in the « frame. Notice that both fields are now expressed in the « frame.
Combining Eq. (1.3.1a) with (1.3.5) and rearranging terms we obtain
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(AT, Dot YD (BD)sH, (kyRap)e'T™I%0 (1.3.6)
Ba

Multiplying this equation by (7,s), and adding for all s we get

(B(gT))a = Z ‘|‘ZZ qs a Z T))ﬁHS T(kbRa,B) Ur=s)®ap

s B#a s
(1.3.7)
By introducing the Kronecker delta function (§;,; = 1 only if i = j)

and rearranging terms we arrive to the following equation

ZZ )a(B)s = (Nyay (1.3.8)

where

(Myr)ap = dagber = ) (1= 6as) (Tys)aHy—r (kyRag)e' "%, (1.3.90)

(Nga = Y (Tys)alAs)a- (1.3.9b)

v [Mqr}‘;*m*l [M‘Z’"jaflﬁ [Mqr]o;71,8+1 B - N
Mol s Ml s Mol s | B = (NG
< [Mgrlat1s-1 Mgrlat1s Marlat1g+1 [B N

(1.3.10)
where [My,]as is a (¢ x ) matrix, [B)]4 is a r-length vector and [N],

is a ¢-length vector defined as
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Mq—l’/‘)aﬂ (Mq—1r+1)aﬁ
Mrlag = |+ (Mg r-1)as (Mg v)ap (Mg r41)ap - |
(Mq+1r71)a6 (Mqulr)a,B (Mq+1r+l)a6

(1.3.11a)
Bﬁﬁ)l)ﬁ qul)a

BM]s = (B C [Nga= (N, )a|l.  (1.3.11D)
Bfﬂi)l)ﬁ Nq—i—l)a

To solve the infinite linear systems described in Eq. (1.3.10) it is
truncated so that max|q| = max|r| = max|s| < . Then the total
scattering coefficients (By(nT))a are obtained and the total pressure field P
in the background medium is calculated as

P(r) = Z AgJy(kyr)e’ + Z Z(BST))qu(kb'r’a)eiqea, (1.3.12)
q «@ q

with r, = r — R, being the distance from the center of the a-cylinder to
an arbitrary position r in the background medium.

To calculate the internal field of each cylinder, the internal coefficients
of each cylinder (C,), are needed. These are obtained by inserting the
total incoming coefficients of the a-cylinder [see Eq. (1.3.6)] into Eq.
(1.2.7b).

1.4 Effective transfer matrix

The effective transfer matrix 7¢// describes the effective scattering prop-

erties of a cluster of NV cylinders. With this matrix is possible to calculate
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Figure 1.5: Schematic view of (a) a cluster of cylinders located at R,
with radius R and (b) effective cylinder of radius R, ;.

the total scattering field outside the cluster, expressed as the scattering
field from an effective cylinder with radius R, ;s = max(R,+R%") (dashed
line in Fig. 1.5). This will be important later on to obtain the effective
medium properties of the cluster in the low frequency limit.

The total scattering field produced by a cluster of cylinder can be
obtained from the second term of Eq. (1.3.12) (changing the notation)
as

plseat) (p) = ZZ B H, (kyrg)e™. (1.4.1)

By applying Graf’s addition theorem, as described in Appendix A.3, it
can be cast as

Pty = 3 Byl H, (kyr)e™, r> Repy (1.42)

p

where B;f / are the effective scattering coefficients of the introduced ef-
fective cylinder

BT =" " Jyo(kyRg)e'" P (B]) . (1.4.3)
B T
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Combining this equation with Eq. (1.3.8) , the relationship between the
incoming wave coefficients in the a-frame and the effective scattering

coeflicients are obtained as

BT = 303 Ty (R PV (Mo (T ol A (14.4)

a,B g,y
Notice that the M matrix has been inverted. Now, the coefficients (Ay),
have to be expressed in the origin of coordinates. Thus, by applying
Graf’s addition theorem (Appendix A.3), the effective T-matrix is finally

obtained as

T = B
pt At
Z Z Jp—r(kbRﬁ)ei(r—p)i’ﬁ (Mq_rl)aB(qu)aJt—s(k’bRa)ei(t—S)Qa'
a,B q,r,s,t

(1.4.5)

1.5 Scattering cross section

Once the scattering field of a cylinder or cluster is obtained it is possible
to plot the resulting two dimensional pressure maps. This is a useful
technique, but in order to compare the effects produced by two different
systems, two dimensional plots are not enough. Line plots are more
suitable to do it. The most useful scalar quantity is the scattering cross
section (SCS).

The SCS is defined in optics as a hypothetical area describing the
likelihood of light particles being scattered by a scattering center. It is a
measure of the strength of the interaction between the scattered particles
and one or several scattering centers. In our case, the SCS also describes
the shape of the scattered pressure at the far field produced by a single
cylinder or cluster. It is defined as

Oeat(k, 0) = lim |/rP*(r,0)|, (1.5.1)

T—00
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where P is the scattered field produced by the cylinder or the cluster.
As explained before, both are combination of Hankel functions, so the
asymptotic expression detailed in Appendix A can be used.

Combining Eq. (1.2.1a), (1.5.1) and (A.1.10) the SCS of a single
cylinder centered in the origin of coordinates is

/2 ) .
Jscat(k; 9) = | & Z(—z)quezqG
q

This equation is also valid to calculate the scattering by a cluster if the

. (1.5.2)

effective scattering coefficients are known. Instead of using B, we should
use the coefficients Bgf I

A\ 4

Figure 1.6: Variables needed to calculate the scattering cross section.

Another way to calculate the SCS of a cylinder is through the (B(ST))Q
coefficients [see Eq. (1.3.12)]. The calculation is more complex and some
of the steps will be below. Let’s consider the cluster shown in Fig 1.6.
From the right hand side of Eq. (1.3.12) we know that
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Pt (. 0) ZZ (B o Hy(kro )€, (1.5.3)

When r — oo we can apply the asymptotic expression of the Hankel
function [Eq. (A.1.10)]. Then the previous equation is rewritten as

scat (T) s —im/4 1k(ra R cos(0—Dy)) igl
TIEEOP (r,0) ZZ B, a”ﬂkr( i)le e,

(1.5.4)
where the following simplifications have been performed
lim 7, ~ r — Ry cos(0 —®,)  For the exponentials (15.5)
r—00 r For the rest
lim 0, ~ 0 (1.5.6)
r—00

Finally, the SCS of a cluster of cylinders is

2 : —1 cos(0— 7
Uscat(k',e) = i\l %ZZ(—Z)(](BST))&G kR cos(0 <I>a)€ q6 ) (157)
q «

1.6 Energy flux

In a two dimensional system, the energy flux (®) is the rate of energy
transfer through a boundary and is mathematically defined as the integral
of the intensity vector I normal to the contour €2

o = /(1 -n) d9, (1.6.1)

where I is defined as the pressure P times the complex conjugate of the
particle velocity v. Applying Eq. (1.1.5) the final form of the intensity
is
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Ia

>
v

X

Figure 1.7: Variables used to calculate the intensity of (a) a plane wave
and (b)a cluster .

L= JR[Pv]) = 5 _RPYP. (1.6.2)

In the following paragraphs, we calculate the energy flux of the two
main fields used during this work: A plane wave and the field produced
by the interaction of an external wave impinging a cylinder or a cluster.

Plane wave

In the case of a plane wave, it is common to calculate the energy flux of
a line segment € of length hq (see Fig. 1.7a) . Taking into account that
the wavenumber is defined as k = k = (ks, ky) and the vector normal to

Q) is n = 7, then the energy flux is

hQ/2
o= / Ldy. (1.6.3)

ha /2
Since the z-component is needed, combining Eq. (1.2.9) and (1.6.2) gives
the intensity as

I=-2 (1.6.4)
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and the energy flux is

kihao

d = :
2wp

(1.6.5)

Single cylinder or cluster

To calculate the energy flux of a cylinder or cluster it is common to define

the contour () as the boundary of a circle of radius

rq > max(R, + RY), (1.6.6)

R,, being the radial position of the cylinder and R%! the radius of the
cylinder (see Fig. 1.7b). In this case, the normal vector to the contour
coincides with the radial vector and only the radial component of the
intensity I, is needed. Then the energy flux is defined as

2
) —7{ I,d6. (1.6.7)
0

From Eq. (1.2.1a) we know that the background field produced by a
single scattered is

P(r,0) => | AgJy(kr) + (Z TqSAS> Hq(kr)] e, (1.6.8)

where the definition of the T-Matrix [Eq. (1.2.3)] was used. Then,

1
I, = —R[iPVP], 1.6.9
with

Agd (kr) + (Z TqSAS> Hq(kr)] x
AS T (kr) + <Z T;;A:) H;*(kr)] .

(1.6.10)
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Note the change in the sub-indexes. To further simplify this equation a
few points have to be stressed

1. To obtain the energy flux [Eq. (1.6.7)], the radial intensity is inte-
grated from 0 to 27. In this case, only the terms r = ¢ are different

from zero.

2. If the arguments J and H are real, then the complex conjugate of
the radial functions can be eliminated by expanding H = J + Y.
Additionally, the Wronskian identity defined in Appendix A can be
used.

3. Notice also from Eq. (1.6.9) that only the pure imaginary terms
are needed.

4. The following properties apply to complex numbers ZZ* = |Z|,
Z+7Z* =2R[Z] and Z — Z* = 23[Z].

By considering the points above and rearranging terms the final form of
the energy flux is

2 o *
¢ = W_P Z Z Z " [AsAt (0gs T + quthﬂ . (1.6.11)
g s ¢

For the case of a cluster instead of using the matrix elements 7, we
use the elements Tpetf I described in Eq. (1.4.5), changing the sub-indexes
accordingly.

As stated previously, the normal to the surface coincides with the
radial vector (towards infinity). As a consequence, if ® > 0 then inside
the region there is a source of energy. When ® < 0 the inside the region is
absorptive. Finally, if ® = 0 then the same amount of energy that enters,
leaves the region enclosed by €2. This method has been used through out

this work to test if the T-matrix has been calculated correctly.
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1.7 Homogenization method

The homogenization defines the procedure of retrieving the effective pa-
rameters from the properties of a metamaterial sample. To fully under-
stand the process of obtaining these effective properties, the reader is
addressed to the work of Torrent et al. [76]. Here only a brief explana-
tion and the final results are given. The homogenization method states
that, for wavelengths larger than a certain cut-off given approximately by
A > 4a, where a is the lattice separation, a composite material behaves as
an homogeneous one with effective acoustic and geometric properties. In
our case, the metamaterial consists of a lattice of sound scatters, named

sonic crystals.

a) b) ©)

Figure 1.8: Types of sonic crystals (SC): (a) 1D-SC as a combination of
different materials, (b) 2D-SC as a hexagonal cluster of cylinders and (c)
3D-SC as a cluster of spheres.

Sonic crystals (SC) are periodic arrangements of inclusion inside an
homogeneous background. As figure 1.8 shows, SC can be one, two and
three dimensional system. The 1D-SC consist mainly of alternate binary
structures, being the 2D-SC and 3D-SC commonly formed by inclusions
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of infinite long cylinders or spheres, respectively, embedded in a back-
ground.

a) b)

Figure 1.9: Types of sonic crystal structures:(a) Square and (b) Hexag-

onal Lattices.

For the whole extent of this manuscript, let us focus in 2D-SC. As
explained, they consist of infinite long cylinders arranged in many differ-
ent crystal structures. The most common are shown in figure 1.9: the
square (a) and the hexagonal (b) lattices. From solid state physics it
is known that a crystal structures is comprised of unit cells (red areas).
Inside each one, a scattering unit is placed. The 2D-SC is represented
in terms of its the Bravais lattice R = nja; + npas, where n; and ny are
real numbers and a; and ay are the primitive vectors

a; = (a,0) ;o as = (0,a) Square Lattice (1.7.1)

V3

a = (707 —a) ; ay=(0,a) Hexagonal Lattice  (1.7.2)

DO | —

The filling fraction ff is defined as the ratio between the total area
occupied by the scatters inside the unit cell and the area of the unit cell
itself.
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Figure 1.10: Effective sound speed (blue continuous line) and effective

mass density (green dashed line) as a function of the filling fraction.

Once the sonic crystals are introduced, the process for obtaining their
effective properties can be described. As explained, the scattered field
produced from a cluster can be expressed in terms of the effective T-
matrix T¢// [Eq. (1.4.5)]. If the external shape of the cluster is nearly
circular, it is expected that the cluster can be homogenized to a single

scattered with effective acoustic and geometric properties.

Then, its

matrix elements chsyl can also be calculated. In the low frequency limit

we propose the condition

Vg, s (1.7.5)
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and through a process that applies the asymptotic form of the Bessel and
Hankel equations, the effective properties of the cluster are obtained as

L 1-ff ff
Beff = B, + E (1.7.6)
_ Pa(A+[F) 4+ pe(A = ff)
Peit = 0B =) oA 1) (7.1)
_ | Begy
Ceff = Dos s (1.7.8)

where the factor A is a function of ff and the acoustic parameters of
the cylinders. B; and p; are the Bulk modulus and the mass density,
respectively. The sub-index b makes reference to the background and the
sub-index a makes reference to the cylinders. The reader is addressed
to the work of Torrent et al. to find a comprehensive account of the
homogenization method. For the purpose of this manuscript, the factor
is tabulated in the Appendix C for the case of rigid cylinders. As a
demonstration, Fig. 1.10 shows the behavior of the effective properties
of a cluster of rigid cylinders (p, — o) for different filling fractions.

Another important parameter used throughout this work is the effec-
tive refractive index n. sy of the sonic crystals in the homogenization limit.
nefs is a dimensionless number that describes how the waves propagates
through the medium. It is defined as

Cp

Ceff’
where ¢, is wave speed in the background. For example, a value of

Nefr = (179)

neff = 1.33, means that light travels 1.33 times slower in the meta-
material than in the background fluid. Typically, in optics, the refractive
index determines how much light is bent, or refracted, when entering a
material. The refractive index was described by Snell’s law of refraction,
ny sinf; = ngsin by, where 6; and 6, are the angles of incidence and re-
fraction, respectively, of a ray crossing the interface between two media

with refractive indices n; and ns. The refractive indices also determine
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Figure 1.11: Effective refractive index as a function of the filling fraction

the amount of light that is reflected when reaching the interface, as well
as the critical angle for total internal reflection. Fig. 1.11 shows how the
effective refractive index changes with the filling faction. Notice that for
values over n.¢r > 1.4 it changes rapidly with ff, so it will be difficult
to control.

Small disturbances in the position or the radius of the cylinders, also

M4 Rl ¢

known as ”‘weakly distortion”” and ”‘structural disorder”’, respectively,
where studied by Torrent et al. who concluded that both produce little
deviations on the effective parameters for very high filling fractions.
Finally, the effective geometry depends on the original shape of the
cluster, but two main cases can be differentiated: the circular and the
rectangular shape.
For the first case, let’s consider the cluster of N cylinders. Then, the

effective radius R.s¢ of the homogenized cylinder is defined as

NA,.
Ry = : (1.7.10)

™
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where A,. is the area of the unit cell.
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Figure 1.12: Rectangular cluster (7 rows and 5 columns) of width w and
length d. The scatters are arranged in a hexagonal lattice with lattice
parameter a. The separation between rows and columns of cylinders is

a/2 and \/3/2a, respectively.

The rectangular case is shown in Fig. 1.12. It consist of a rectan-
gular hexagonal lattice SC with M rows and N columns. Following the
standard solid state physics, the surface position is taken at a distance
above the atoms equal to a half of the lattice vector. Then the width w
and the length d are defined as

a a
— (M- 1240 1.7.11
w = ( )5 +27 (1.7.11)
d=(N—1)a+22 (1.7.12)

2
where a; are the lattice vector defined in Eq. (1.7.1). Notice that it is
important to take the orientation of the hexagonal lattice crystal into
account, as the components of the lattice vector are different.



Chapter 2

Gradient index lens

This chapter is devoted to the theoretical definition of a gradient index
(GRIN) lens. A model based in ray theory is used to derive the focal
position. The GRIN lens sample is designed and its implementation using
a 2D sonic crystal is explained. Additionally, the experimental setup
employed to characterize the sample is explained. Finally, numerical
simulations and experimental data are presented and discussed.
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2.1 Introduction

a) b)
y)\

d

Figure 2.1: Schemes of gradient index lens with length d and width 2h:
(a) Refractive index values and (b) ray trajectory in function of the y-
position, respectively

An acoustic gradient index lens is an acoustic lens in which the re-
fractive index n varies gradual along the axis transverse with respect to
the propagating wave (see Fig. 2.1). The lens is symmetrical to the
wave propagation direction and, by not having a curvature, it is easy
to be build. Its upper/lower boundaries have the same refractive index
as the background. In optics it is usually fabricated by superposition of
homogeneous layers. Each layer has a different refractive index. Thus,
the thickness and number of layers defines the quality of the lens. The
propagation axis of the GRIN lenses considered here is defined along the
x-axis and, therefore, the our lens is built by superpositioning layers in
the y-direction. Thus, the refractive index n, changes along the y-axis;

ny(y).
The physic principle behind the lens operates is the delay introduced
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by each layer in the wave that impinges its entrance. The refractive index
of the upper layers n;, is smaller than the one of the center ng, so the
particles travel faster there than the ones traveling through the center.
This forces the wave front to bends inside the lens. This effect can be de-
scribed by an internal ray trajectory model. Additionally, upon exiting,
the mismatch of refractive index between the lens and the background,
forces the beam to further bend. This effects is described in the external
ray trajectory model.

0o

/

o v) (xa,ya)

Figure 2.2: Scheme of upper half part of the GRIN lens. The red line
shows the trajectory of a ray that enters the lens at (o, yo) and exits at
(x4, ya). The ray follows the trajectory Ly before entering, £; inside the
lens and L, after exiting.

Let’s suppose the system described in Fig. 2.2. The ray is initially
following the trajectory Ly. Then, it impinges the lens at the point
(0,%0) with an angle of fy. Due to the change of medium it bends
towards the normal with an internal angle 6. Then it travels through
the lens following the trajectory L£; described in the internal model and
eventually reaches its end. There, the wave impinges the lenses right
boundary at (z4,y4) with an internal angle ¢/,. Applying Snell’s law one
more time, the external angle 6; at the exit point is calculated. After
that, it follows a straight line, Lo, and eventually collides with the beam
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coming from the other half of the lens forming the focal spot.

2.1.1 Internal ray trajectory model

Figure 2.3: Variables of Fermat’s principle.

To predict the focal spot position, beam theory can be used to develop
a simple model. Although this is used for high frequencies, the error is
small and can be corrected using an error constant k added to the lens
length d. From the Eikonal Equation in optics [8, p. 122] [78, p. 36] we
know that

d

Vn(r) — oy

{n(r)g =0, (2.1.1)

where r = (z,y) = & +yy is the particle position and s is the arc length,
both shown in Fig. 2.3. In this case, the n(z,y) = n(y), so Eq. (2.1.1)

can be separated in two parts
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_dis {n(y)%] =0 For z, (2.1.2)
on(y) d dyl )
oy o [n(y)E =0 For g, (2.1.3)

with ds = y/dz? + dy?, and therefore, Eq. (2.1.2) can cast in

Co

— 0y,
V) —cz

where () is a constant to be determined. This equation allows to calcu-

do = (2.1.4)

late the trajectory of a particle moving inside the refractive medium.

Refractive index function

Once the trajectory is known, a refractive index has to be chosen. The
lens is designed with the goal of having low aberration of the focal spot.
The aberration is the average deviation of the focal spot along the propa-
gation axis. If the focal spot is inside the lens, the aberration is produced
only by the refractive index pattern. In the case of an external focal spot,
the aberration is the internal one amplified upon exiting the lens by Snells
Law. To minimize this effect, a refractive index profile in the form of a
hyperbolic secant is chosen. This refractive index is theoretical stud-
ied in [39] achieving internal focusing in large enough GRIN structures
without aberration. So the refractive index profile along the transverse
direction (y-axis) is defined as

no

= h = — 2.1.
n(y) = nosech(ay) cosh(ag)’ (2.1.5)
with
o= 1 arcosh [ 22 (2.1.6)
h nn)’ o

where h is the semi-width of the lens, ng is the refractive index along the

x-axis and ny, is the refractive index at the edge of the lens.
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Using Eq. (2.1.5) to solve Eq. (2.1.4) (integration by substitution
using ¢ = Cpsinh(ay)/ng is needed), the trajectory of a particle inside
the GRIN lens £, is obtained as

Li(x) = 1 arsinh [UO cos(aur) + ﬂ sin(ax)} , (2.1.7)
a a
where
o\ 2
Uy = sin(C}) <—°> —1, (2.1.8)
Co
o\ 2
Uy = acos(Ch) (—0> -1, (2.1.9)
Co

and Cy and (' are constants obtained from the initial conditions.

2.1.2 External ray trajectory model

In our case, the wave propagates along the x-axis . Let us consider that
an infinite number of rays impinges the surface of the lens with an angle
0y = 6, = 0. So, the beam impinging at a height y has the following

initial condition

£,(0)
£1(0) =

Yo, (2.1.10)
an(6), (2.1.11)

giving the following values for the constants Uy = sinh(ayy) and U; = 0.
As explained previously (Fig. 2.2), once the beam exits the lens, it
travels along a straight line, so

/;2(.%') = ﬁl(d) + (l’ — d) tan(@l), (2112)

where
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sin(@d)
V1 —sin?(6,)

Using Snell’s Law n;sin(6y) = n(yq)sin(f,) we can relate the internal

tan(6,) = (2.1.13)

and the external angles as

tan(f,) = W) sin(0) (2.1.14)

V= () sin?(05)
From the definition of the slope we know that tan(¢/,) = £(d) < 0, then

sin(6(") = _ Al (2.1.15)
V14 L(d)?
Combining Eq. (2.1.14) and Eq. (2.1.15) we obtain
/
tan(f,) = n(ya) £1(d) (2.1.16)

Vi — L@ [ (a) — ]
Notice that tan(fy) < 0, so the slope of L, is also negative.

Since the problem is symmetric with respect to x = 0, to find the
local spot position, we have to find the value that makes £, = 0. This
value is called the external focal position F,,; defined as

_ Li(d) [ng = Li(d)? [n*(ya) — nj]
F.=d \/ T . (2.1.17)

2.2 Design and implementation of a GRIN

lens using SC

To obtain the local variation in the refractive index, the GRIN lens has
been designed as a 2D sonic crystal (see Fig. 2.4). The SC is made of
a rectangular cluster of aluminum cylinders distributed in an hexagonal
lattice with lattice parameter a = 2 cm. The cluster has a number of

M =10 rows (the 11th one is not fabricated), and a maximum number
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a) | 0ddcolumn b)
1 1 Even column Ye

Figure 2.4: (a) Scheme and (b) photo of a 9 columns (layers) gradient

index sonic crystal lens.

N =9 of columns. The hexagonal lattice has been chosen because of the
possibility of achieving higher filling fractions.

Due to the high acoustic impedance of aluminum compared to air,
this material is considered as a rigid body with an infinite mass density.
Therefore, the simplified version of the Homogenization method for rigid
cylinders can be used. Then, the effective parameters of each unit cell

are

1 1-ff
5" B (2.2.1)
A
Pefs = At—ﬁpba (2.2.2)

which give the following effective refractive index

-1 -1
Ceff A-ff 1
Nefp = = ) 2.2.3
" <b) ( A+ fFVI—JT (223)
The 2D GRIN SC lens studied is designed with a profile n(y) as closer
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Table 2.2.1: Effective refractive index n.rs(y,) and cylinder radius Ry of
the studied 2D GRIN SC

Odd Layers FEven Layers

Yy [mm] n(yg) neff(yg) £ Rz [mm] g Rg [mm]
0 1.330 1.339 6 9.0 - -

10 1.326  1.339 - - 5 9.0
20 1.314 1.313 5 8.75 - -
30 1.293 1.293 - - 4 8.5
40 1.266 1.258 4 8.0 - -
50 1.232  1.228 - - 3 7.5
60 1.193 1.201 3 7.0 - -
70 1.149 1.151 - - 2 6.0
80 1.102 1.107 2 5.0 - -
90 1.052  1.070 - - 1 4.0
100 1 1 1 0 - -

as possible to that in Eq. (2.1.5) with w = 10 cm, ng = 1.33 and n;, = 1.
As in the case of the optical GRIN lens, the acoustical counterpart is also
made of L layers. A given layer ¢ is parallel to the z-axis and its indepen-
dently homogeneous and isotropic. Then the continuous variation of the
refractive index n(y) is discredited in n.f¢(ye). Inside each unit cell, the
radius of the cylinder R, depends on its y,-position and is calculated us-
ing the Homogenization method equations (2.2.2) and the equation of the
filling fraction of a hexagonal unit cell defined as f frer = 27/v/3(Ry/a)?.

Table 2.2.1 reports the values of R, obtained. Note that the values
corresponding to the upper half of the SC are the only ones reported since
the lens is symmetric with respect to the z-axis. Figure 2.4 shows that
odd layers have 11 cylinders while even layers have 10 cylinders. Column
n(ye) in the table report the exact hyperbolic secant profile while those
under n.ss(ye) are those effectively achieved in the sample.

Note that the last condition, 3y, = 100, allows a smooth transition

with the surrounded air and therefore reduces the unwanted diffraction
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effects. These cylinders are not fabricated, as R.; = 0, and therefore
there are M = 10 rows. Then, the effective width and length of the
rectangular cluster can be calculated using the equations Eq. (1.7.11)
as wepp = Ma = 20 em and dosp = Na(v/3/2) that changes with the

number of rows V.

2.3 Experimental setup: 2D anechoic cham-

ber

Figure 2.5: Scheme of the 2D anechoic chamber.

Fig. 2.5 shows a scheme of the experimental setup designed to char-
acterize the 2D GRIN SC lenses. The 2D anechoic chamber consists of
two parallel metal sheets separated a distance H = 5 c¢m used to simulate
a 2D environment. A hole is left in the center of the chamber to place
the sample, leaving enough space on the sides. The main objective of
the metal sheets is to confine the waves in the z direction. This produces
a number n of modes each one with a certain cut-off frequency, c(n),
calculated with

QI 2.3.1
fc 2ch' ( o )
For frequencies below fél) = 3.4 kHz the chamber is considered mono

mode along the z direction and the system can be considered as two
dimensional. For the frequencies analyzed, from 3.5 kHz up to 4.5 kHz,
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there are two vertical modes propagating through the chamber, but the
second one has a much larger wavelength and is considered as an offset.

The chamber is open along the y = 0 and y = W boundaries. Part
of the wave is radiated outside and another one is reflected back. To
minimize the disturbance, modulated gaussian pulses are used. Since
the experiments are done in the acoustic domain, and, that the sound
speed is inferior to the light speed, short pulses can be used instead of
continuous signals. The echoes produced by the boundaries have a delay
and take more time to arrive at the microphone, so if the signal is a short
pulse, the echoes can be filtered by cutting the measurement time. Thus,
obtaining an “anechoic effect”. The modulated gaussian pulse, G(t), is
defined as

G(t) = e T cos(2r fa). (2.3.2)

It is known that a Gaussian Pulse has the same profile in frequency and
time domain. The parameters affecting the signal are the bandwidth at
3 dB, o, and the carrier frequency, fo. It is important to choose the
value of o correctly or it will affect the measures. If the bandwidth is
small, the modulated gaussian pulse is smaller in time so the echoes have
less probability to interact. On the other hand, if the bandwidth is high,
it will have more cycles so the spectral energy will be higher, making the
signal resistant to noise.

The sound waves propagating along the z-axis are generated with
a UDE AC-150 column loudspeaker separated 2 m from the chamber
in order to get approximately a plane wavefront at the entrance. To
record the transmitted sound, we use a B&K 4958 microphone. Data
are acquired in a square area of 24 x 24 cm?. The acquisition points are
separated by equal distance along the z- and y-axis; i.e., Ax = Ay =
2 cm. For the wavelength of interest, it satisfies Nyquist criteria, and by
interpolating the result data, the complete acoustic field is reconstructed.
The data is processed using a PCI acquisition card NI-5105 in a computer.
For minimizing the noise, only the FFT value at the used frequency fq

is saved.
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Figure 2.6: Total pressure maps of the empty chamber at 3.5 kHz (a)
and 4.5 kHz (b). The upper panels display the absolute value and the
lower panels the real part.

Fig. 2.6 shows measurements made without lens at (a) 3.5 kHz and
(b) 4.5 kHz. The upper panels display the absolute value and the lower
panels the real part. These results confirm that the propagating field
inside the chamber has practically a plane wavefront.

2.4 Simulations and Experiments

Using the described 2D anechoic chamber, seven different 2D GRIN
SC lenses have been characterized. The lenses differ in the number of
columns along the z-axis, from N = 4 to N = 10. To further analyze the
data, the recorded 2D maps have been compared with those obtained by

a numerical simulations based on the multiple scattering theory (MST)
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explained in section 1.3. Finally, the measured focal spots F.,; have
been also compared with the values predicted by the ray theory [see Eq.
(2.1.17)].

Measurements and simulations are performed from 3.5 kHz up to
4.5 kHz every 100 Hz. In section 1.7, the limit for the Homogeniza-
tion method is set at A < 4a, which, in our case, corresponds to linear
frequencies of 4.3 kHz. However, let us stress that the onset for the
homogenization is not an exact value and here, we report GRIN lenses
working at 4.5 kHz, which is a frequency slightly above the cut-off limit.
Moreover, it will be shown that a better agreement with the ray model
is obtained in a wider range of lens thicknesses for frequencies near the
cut-off limit.

|

-10

y [em]
o

10

Figure 2.7: Total pressure maps (amplitude) generated by sound waves
of 3.5 kHz impinging a 2D GRIN SC lens N = 9 columns thick. (a) Nu-
merical simulations performed by using a multiple scattering algorithm.
(b) Measurement made in an area 24 x 24 cm? behind the lens. The
asterisks mark the positions of the focal spot F,,;.

In brief, a 2D sound wave with a plane wavefront is assumed that
impinges the lens from the left and the pressure map is calculated or
measured at the opposite side. Figs. 2.7(a) and 2.7(b) show the pressure
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maps of a GRIN lens made of N = 9 columns for the frequency of 3.5
kHz. The focusing effects, focal spot and diffraction lobes, are clearly
seen in both maps, calculated and measured. However, the focal area
is interrupted for about 5 cm due to some spurious reflection inside the
chamber.
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Figure 2.8: Comparison between the Multiple Scattering simulation (blue
curve) and the measurements (red dots), for (a) the longitudinal cut and
(b) the traversal cut of the the pressure maps in Fig. 2.7 at the focal
plane. Both simulations and measurements were made with a N = 9 row
GRIN PC at a frequency of 3.5 kHz.

A better comparison between data and simulations is given in Figs.
2.8(a) and 2.8(b) that show the longitudinal and traversal profiles at the
focal spot obtained from the pressure maps. Good qualitative agreement
exists between data and simulations.

Figures 2.9(a) and 2.9(b) present similar plots for the same lens,
N = 9, but at 4.5 kHz. In comparison with results at 3.5 kHz, now
the wavelength is smaller and slightly above the homogenization limit,
A ~ 3.8a. However the SC clearly behaves like a GRIN lens. The non-
symmetric response observed in the experiment is due to the misalign-

ment of the lens inside the setup. The interference described for the larger
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y [cm]

Figure 2.9: Total pressure maps (amplitude) generated by sound waves
of 4.5 kHz impinging a 2D GRIN SC lens N = 9 columns thick. (a) Nu-
merical simulations performed by using a multiple scattering algorithm.
(b) Measurement made in an area 24 x 24 cm? behind the lens. The
asterisks mark the positions of the focal spot F_.;

frequency is also seen between 13 ¢cm and 18 cm. Moreover, the longitu-
dinal and traversal cuts shown in Figs. 2.10(a) and 2.10(b), respectively,
let us to conclude that the agreement between data and simulations is
slightly better for this frequency than for 3.5 kHz.

Ray model comparison

In spite of the agreement reported above between theory and experiment
a comparison with the position of the focal spot F,,; predicted by the
ray theory Eq. (2.1.17) must be also performed in order to support that
sound focusing is a truly effect produced by the bending of sound waves
inside the GRIN lens. As explained in section 2.2, in atomic physics, the
effective width and length of the lenses are given as wefr = Ma = 20 cm
and d.;; = Na(v/3/2), respectively. Then, the half-width h is determined
from 2h = wery = 10 cm and the lens thickness d is obtained from
d = d.fs + k, where k is an adjustable parameter used to fit F¢,; to the
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Figure 2.10: Comparison between the Multiple Scattering simulation
(blue curve) and the measurements (red dots), for (a) the longitudinal
cut and (b) the traversal cut of the the pressure maps in Fig. 2.9 at
the focal plane. Both simulations and measurements were made with a
N =9 row GRIN PC at a frequency of 4.5 kHz.

data. Note that this procedure is reasonable since the surface of a SC
structure is not well defined.

Fig. 2.11 summarized the results obtained for the nine columns
GRIN SC lens at two working frequencies under analysis: (a) 3.5 kHz
and (b) 4.5 kHz. The values obtained for the adjustable parameter are
k = —0.41 cm for 3.5 kHz, and k = —0.28 cm for 44.5 kHz, which means
that the lens surface is nearer to the cylindrical units than that usu-
ally employed in atomic physics, where the surface position is taken at
a distance above the atoms equal to a half of the lattice parameter; i.e.
k = 0 in our modeling. The results show that a fairly good agreement
is obtained for the thicker lenses, N > 5, and for the large frequency,
4.5 kHz.

Data and numerical simulations show a better agreement with the ray
model when: i) the frequency operation is near the homogenization limit

and ii) for the thicker lens. These conclusions are physically intuitive.
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Figure 2.11: Behavior of the position of the focal spot as a function of the
lens thickness. The position F,,; have been calculated by a ray model
(green doted curve) and the multiple scattering method (blue curve).

The red dots represent the data for (a) 3.5 kHz, and (b) 4.5 kHz.

On the one hand, for large wavelengths the homogenization in the SC
cluster averages several cells of the lattice and, as a consequence, the
locally designed refractive index profile n(y) is partially destroyed. On
the second hand, for thicker lenses the sound travels along larger lengths
and the lens surfaces are also better defined. The combination of these
two effects produces a better agreement with the predictions made by
the ray model.

Geometry modifications

As an additionally result, the geometry of the lens has been modified to
compare its behavior. The first layer of the lens (in our case is the layer
positioned at x = 0, the rightmost layer) can have an odd number or an
even number of cylinders. Fig. 2.12 shows the pressure maps obtained
by the multiple scattering simulation. The frequency was established at
4.3 kHz, the cut-off of the Homogenization limit. Three different samples
were studied, with 4, 7 and 9 layers. The left (a) and right (b) panels show
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the simulations result of a lens beginning with an even and odd number
of cylinders, respectively. There can be seen that the samples beginning
with odd layers have greater amplitude than the one beginning with an
even number. This effect is amplified when the lens grows in number of
layers. This is behavior is produced by border effects on the lens. The
contribution is greater in the case of the lens beginning with odd layers,
because corners are smoother than those of the other cases.
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Figure 2.12: Total pressure maps (amplitude) generated by a sound wave
of 4.3 kHz impinging a 2D GRIN SC lens with N = 4 (al,bl), N =7
(a2,b2) and N = 9 (a3,b3) columns thick. The left and right panels show
the results of the numerical simulations of a lens beginning with an even
and odd number of cylinders, respectively.
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Chapter 3

Acoustic black hole

In this chapter, an omnidirectional acoustic absorber, here named “acous-
tic black hole” (ABH) is presented. It is based on a previous work done
in electromagnetism by Narimanov and Kildishev [30,52], who proposed
a structure consisting of a symmetric shell designed to bend the light rays
towards the center where an inner core perfectly absorbs the focused en-
ergy. Here, its acoustic counterpart is theoretically proposed, designed
and implemented using a cylindrical gradient index lens based on SC.
Experimental measurements are presented and discussed.
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3.1 Introduction

Figure 3.1: Scheme of the acoustic black hole

Fig. 3.1(a) shows an scheme of the 2D acoustic black hole. It consists
of a cylindrically symmetric shell, with a radial variation of the acoustic
refractive index n(r), and an inner core, where the acoustic energy is
dissipated. The shell is a GRIN lens with n(r) matching the index of the
outer medium (air) and the internal core, respectively. Thus, the shell
guides the energy sound to the inner core where it is dissipated by the
designed core. Fig. 3.1(b) shows the path trajectory that the rays follow
inside the structure.

The radial dependence of n(r) has been obtained using the mapping
existing between the EM and acoustic parameters for waves propagating
in a two dimensional space. So, it is possible to translate the solution
found for EM waves into the acoustic domain, leading to the following
radially dependent index

nyp R, <r
n(r) =9 Zen, R.<r <R, , (3.1.1)
Ne + 47y r<R,

where R, and R, are the radius of the core and the shell, respectively.
They are related through Ry = R.(n./ny), ny being the refractive index
of air, n. the real part of the refractive index of the core material and ~

is a parameter representing the absorptive properties of the core.
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To prove our hypothesis that the black hole effect can be reproduced
in the acoustic regime, finite element simulations has been performed
used a COMSOL. The parameters used for the simulation are the fol-
lowing. The ABH consists of a core and a shell with R. = 60 mm and
R, = 126 mm, respectively. The core refractive index is n., = 2.1 and
the shell refractive index variates along the radial position following Eq.
(3.1.1). All the structure is embedded in air. To ensure that the acoustic
impedance is perfectly matched, the mass density is equal on the three
media (p. = ps = pp = 1.25kg/m®). Finally, the sound speed inside
the core is ¢, = ¢,/n. — 20007, where the imaginary term introduces the
absorption of the core. The structure is excited with an narrow width
acoustic Gaussian beam with a wavelength A = 3 mm.

Fig. 3.2 shows the modulus of the pressure obtained from the sim-
ulations. The beam impinges the shells at its edge and the wave front
starts to bend due to the gradient index. The sound travels through the
shell and eventually some part of the wave hits the core and is absorbed.
The other part is either trapped in the black hole like falling spiral or
follows a parabolic “escape” trajectory exiting the acoustic black hole. It
is important to note the reflection observed near the impact zone of the
wave against the core. Although it seemed that the core and the shell
were perfectly matched in terms of acoustic impedance and refractive
index, the imaginary part of the sound speed introduces the mismatch
explaining the reflection.

3.2 Design and implementation as a SC

The ABH is separated in two different parts, the shell and the core. The
core is defined as a cylinder of radius R.,. = 80 mm and a refractive
index N = 1.5. This value is chosen, because, as explained in sec-
tion 1.7 and seen in Fig. 1.11, the effective refractive index changes
rapidly with values greater than n.;; > 1.5. On the other hand, the
shell is implemented as a 2D sonic crystal, due to the difficulty of fab-

ricating a material with a continuous variation on the refractive index.
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Figure 3.2: Modulus of the pressure obtain from a COMSOL simulation.
A Gaussian beam of A = 3 mm impinges the upper part of an acoustic
black hole with R, = 60 mm and n. = 2.1. The three regions (back-
ground, shell and core) have the same mas density (p = 1.25kg/m®) and
the refractive index of each region follows Eq. (3.1.1). The sound speed
inside the core is ¢, = ¢,/n.—2000i, where the imaginary term introduces
the absorption of the core.

This procedure was also used in section 2.2. The background fluid is
air with a refractive index n, = 1. Therefore, the shell has a radius
Rs = R.(n./ny) = 120 mm

3.2.1 Outer shell

Figure 3.3 shows a scheme of the structure. The shell is made of a cir-
cular cluster of cylinders distributed in an hexagonal lattice with lattice
parameter ¢ = 7.5 mm. It is constructed with a 3D prototyping ma-
chine, so the cylinders are made of a plastic material (ABS), which can
be considered acoustically rigid in the air background due to the high
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Figure 3.3: Scheme of the ABH as a SC. The outer shell is made of
cylinders whose diameters increase with decreasing distance to the center,
while the core is defined within the red region.

impedance mismatch between these two media. The shell is designed
with five concentric layers with acoustic properties changing from the
inner layer (the one closer to the core) to the outer layer. The radius of
the cylinders in each layer is properly determined to obtain the required
local dependence of n(r) given by Eq. 3.1.1.

Figure 3.4 shows the variation of the acoustic impedance (blue curve)
and the refractive index (red curve) along the radial position. Notice the
increment of both values as they approach the core having a maximum
value of Z,,,., = 4200 rayls and n,,,, = 1.5. These effective parameters
have been calculated using Eq. (2.2.1) and (2.2.2).

Simulations

To test if the implementation as a sonic crystal works, multiple scattering

simulations are performed (see section 1.3). The values of velocity and
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Figure 3.4: Acoustic impedance (blue curve) and refractive index (green
curve) of the designed black hole shell.

mass density of the core have been taken from the effective parameters
of the closest shell cylinder, giving the values of ¢, = 231.33 m/s and
Peore = 18.16 kg/ m®. The absorption of the core is defined as v = 0.3.

To evaluate the absorption, we calculate the energy flux (@) intro-
duced in section 1.6. The energy flux in this case can also be considered
as an intensity loss. There are no sources inside the boundary €2, so any
change in the energy flux is due to the absorption. The intensity loss of
the ABH is compared with that of a solid cylinder with the same acoustic
properties of the core, but having a radius Rgpe-

In brief, a 2D sound wave with a plane wavefront impinges the struc-
ture from left to right and a pressure map and the intensity loss are cal-
culated. The frequencies analyzed are from 1 kHz up to 10 kHz in steps
of 200 Hz. Figure 3.5 shows the results of the intensity loss produced by
the ABH (blue continuous line) and by the solid absorbing cylinder (red
dashed curve). Note that up to the frequency of 5 kHz, the structure is
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Figure 3.5: Intensity loss produced by the ABH (blue continuous line)
with Rgpey = 120 mm and a solid cylinder of radius R.,; = 120 mm made
of the designed absorbing material (red dashed line).

absorbing more energy, having two peaks around 2.0 kHz and 3.6 kHz
which correspond to Fabry Pérot modes of the structure.

Figures 3.6(a) and 3.6(b) show the modulus of the pressure map pro-
duced by solid cylinder and the black hole structure, respectively, at
the frequencies of 2.0 kHz (left panels) and 3.6 kHz (right panels) corre-
sponding to the peaks in Fig. 3.5. It is seen that the ABH concentrates
the energy in the core due to the bending effect, and that has lower re-
flectance due the impedance matching, thus achieving more absorption
that the solid absorbing cylinder. The physical explanation of the differ-
ence of absorption between both configurations is intuitive: More energy
is absorbed when more energy enters into the core. From this simula-
tion, one concludes that, the shell has two main purposes: 1) matches the
background acoustic properties with the ones of the core and, 2), bends
the waves towards the core.
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Figure 3.6: Modulus of the pressure map of (a) the solid cylinder and
(b) the ABH at 2.0 kHz (left panels) and at 3.6 kHz (right panels)

3.2.2 Inner core

To implement the core, two different approaches were followed. In the
first one, eight different samples, made of existing absorbing materials
were characterized and their acoustic properties obtained as function
of the frequency. From the experimental results, which are explained
later on, we follow the second approach. Here, a metamaterial core was
designed as a sonic crystal with optimal acoustic parameters to maximize

the absorptive performance.

Cores existing in nature

As a first approach, eight different materials are chosen as cores. These
samples has been clasified in two categories, soft and hard materials.
The soft materials include three types of “Supreem” Foams (SF) and
one type of Fiber Glass (FG). The hard materials comprise three types
of Expanded Polystyrene (EPS) and two types of Polyurethane (PUR).
The eight samples has been characterized in a impedance tube with the
four microphones method described in the Appendix B.
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Table 3.2.1: Values of the characteristic impedance (Z) and the refractive

index (n) of the eight samples made of existing absorbing materials in

the frequency range from 580 Hz up to 3.4 kHz

Soft
samples  Z rayls n

Hard

samples Z rayls n

SF-1 450 £20 1.12£0.02
SF-2 520+20 1.34£0.03
SE-3 540 £40 1.43+£0.07
FG 470 £40 1.19 £0.06

PUR-1 1780 £ 600  3.60 £ 0.20
PUR-2  2370£800 3.67=+0.25
1 3530 £2200 5.61 £0.48
2 3680£1900 1.48+0.28
3 5600 =£3100 2.47+0.71

EPS-

EPS-
EPS-

The range of values of the complex refractive index and the acoustic

impedance of the eight samples are experimentally obtained for frequen-

cies from 580 [Hz] up to 3.4 kHz. Table 3.2.1 summarizes these results.
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Figure 3.7: Graphs of the characteristic acoustic impedance (Z), the

refractive index (n), the bulk modulus (B) and the mass density (p) of

the eight samples here analyzed (see text).
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To compare these materials, Fig. 3.7(a-d) shows the mean values
of the characteristic acoustic impedance, the refractive index, the bulk
modulus and the mass density, respectively, of the eight in nature existing
samples. Notice that the samples are sorted with increasing impedance.

As is expected the acoustic impedance from the soft materials is
smaller than the one of the hard materials. The soft materials are al-
most matched to air (Z,;, = 433 rayls and n,; = 1) and seem to be very
similar, but later on, results will show some differences between them.

The PUR materials have a low impedance, for being hard materials,
but a very high refractive index. The compressibility modulus (or bulk
modulus) of these materials is also very similar to the one of air, but in
comparison they have a very high mass density.

The EPS materials deserve a brief explanation of their special prop-
erties. While EPS-1 and EPS-2 have almost the same impedance, much
lower than the one of EPS-3; EPS-1 has a very high refractive index
in comparison to EPS-2 and EPS-3. Notice also, that the properties of
EPS-2 are closer to the inner most layer of the shell, Z,,,, = 4200 [rayls]
and N, = 1.5 (see Fig. 3.4). Finally, it worth to mention, that EPS-1
has almost the same bulk modulus as the PUR materials, while EPS-2
has almost the same mass density.

Later on, the characterization of these materials will be very useful
to understand the measurements obtained once these cores are inserted
inside the designed shell.

Metamaterial core

The metamaterial core (MMC) consists of a cluster of cylinders with
equal diameters distributed in a hexagonal lattice with a high filling
fraction to produce dissipation by friction. The hexagonal lattice has
been chosen because it can achieve higher filling fractions than the square
one. The radius of these cylinders coincides with the ones of the inner
layer cylinders of the shell. This ensures that the matching of acoustic

impedances between background and the core is also obtained.
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Figure 3.8: Photograph of the fabricated structure. The outer shell is
made of cylinders whose diameters increase with decreasing distance to
the center. The inner core is made of identical cylinders in a hexagonal
lattice with about 84% of filling fraction.

Figure 3.8 shows a photo of the sonic crystal shell and the metamate-
rial core. Both have been fabricated using the 3D prototyping machine.
The MMC is made of cylinders with equal diameter d. = 7.2 mm. Its
effective refractive index is n., = 1.5 and the corresponding hexagonal
lattice has a filling fraction fj, = ﬁg(%)z = 83.6%. Note that this
fraction of volume occupied by the sound scatterers is near to that cor-
responding to the close-packing (CP) condition, where d = a and, there-
fore, fCF = 7/(2/3) = 90.6%. Consequently, the air is forced to pass

through the narrow channels left between cylinders. The acoustic energy
is strongly dissipated by friction and introduces an imaginary part, v, in

n(r).
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3.3 Experimental setup: Multi-modal im-

pedance chamber

The Multi-modal impedance chamber (MMIC) is a homemade experi-
mental setup which is based on the impedance tube and the four micro-
phones method described in the Appendix B.

\ 4

< L
Region 1 : Region 2

; _BeﬂkT
Sl. <«

| j4eikT

- é

20000000
20000000
€« g —

L

Z Ref. Mic.

Figure 3.9: Scheme of the multi-modal impedance chamber. The cham-
ber has a width D = 30 cm, a length L = 150 cm and height H# =5 cm.
The speaker (S) at the left excites an acoustic flow represented by coeffi-
cients A, while the back-scattered flow is given by coefficients B. Black
dots define the 9 pairs of microphones used to record the signal. Another
microphone (Ref. Mic.) is employed as the reference. The sample is
placed in the right hand side region, which is accessible by a removable
tap.

Let’s consider the rectangular waveguide depicted in Fig. 3.9, where
D =30 cm and H =5 cm. The total length is L = 150 cm and is closed
on both sides. The chamber is filled with air and is made of aluminum
1 em thick. Due to the high mismatch of impedance, the walls can be
considered rigid. A speaker located at the chamber’s left side excites a
sound field that propagates along the positive z-axis. This sound field
leaves Region 1 and enters into Region 2 where interacts with the sample

and it is reflected at the chamber’s right end. Therefore, in principle, we
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assume that all the energy dissipated during the process is absorbed by
the sample. By properly measuring the sound field, the dissipated energy
can be estimated, and therefore characterize the absorbing efficiency of
the structure.

The pressure field P in the resonant chamber can be represented as
a linear combination of plane waves propagating along the z-axis. More-
over, since we consider that the chamber behaves as a waveguide with
rectangular section and rigid walls, in principle, all the modes in the Y 7
plane must be also taken into account. Applying boundary conditions,
and considering propagation in the z-direction, the pressure field of the

(m, n)-mode inside the chamber is described by

Pon(x,y,2) = [Am,neik” + Bm,ne_ik”x] [cos <%y> coS <%Tz>} ,
(3.3.1)

where

k2 = (%)2 — K2+ (%)2 + (%)2 (3.3.2)

¢p is the speed of sound in air and w = 27 f is the angular frequency.
Then, the cut-off frequencies f,,,, can be derived from Eq. (3.3.2) as

o= (2 [ (2)] ws

For frequencies below fo1 = fs0 = 3470 Hz, the chamber is consid-
ered mono-mode in the z-direction. Working under this premise, Eq.
(3.3.1) can be cast in

P(z,y) =Y [Ape™" + Bye "] cos (%y) : (3.3.4)
m=0

where

B = \/(Cfb)Q - (%)2. (3.3.5)
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Though the summation is infinite, as we increase m the propagation
constant [3,, becomes complex and the waves are evanescent; the contri-
bution of these modes to P is negligible and, therefore, P only depends
on a few number of coefficients A,, and B,,. In our case, bellow f; there
are only six propagating modes and therefore twelve constants need to
be determined from the measurements inside the multi-modal impedance
chamber.

 Ya
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Figure 3.10: Scheme of position of the microphones.

Figure 3.10 shows a 3D representation of the microphones depicted
in Fig. 3.9. Nine pairs of microphones are employed at selected positions
(ZasYo) in the chamber. The pairs of microphones are located along
the y-axis separated 3 cm. On the other hand, the microphones of each
pair are oriented along the x-axis and separated 3.5 cm. This separation
sets, through Nyquist theorem, the minimum wavelength A = 7 cm, or
fny = 4960 Hz, that can be measured without error. This frequency
is much larger than the one established by the mono-mode propagation
along the z-axis.

Each microphone is inserted from above, without entering the cavity
of the chamber, but is flushed to the inner surface. An additional mi-
crophone is used as a reference (Ref. Mic. in Fig. 3.10). It is inserted
through one side of the chamber at position (zg,yy) and at the height
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H /2. This microphone is also flushed to the inner wall.

The chamber is excited with the speaker by injecting an Additive
White Gaussian Noise (AWGN). The choice of this type of signal makes
possible to measure a large bandwidth in one go. The drawback of this
method is that it makes impossible to obtain the pressure values directly,
because the input signal is non-deterministic. Let’s define the pressure
in each microphone position as P,, and F, for the case of the reference
one. Then, instead of obtaining the pressure, the microphones measure
the transfer function Ho, = Soa/Soo, where So, = P,Pj is the cross-
spectrum between the signal of the a-microphone and the reference and
Soo = FyFy is the auto-spectrum of the reference one. Therefore, the
reference microphone is used to get information of the phase.

Then, we obtain instead the coefficients A,,/ Py and B,/ P, by solving
the following linear system of equations

M
P A B . mm
Hy, = a E M iBmTa | M —ifmTa <— a). 3.3.6
0 ]0 m0|:]0€ POG :|COS Dy ( )

Note that we can determine the coefficients only relative to the pressure
field at the reference position, that is, A,,/Fy and B,,/Fy. However these
quantities still allow us to obtain the reflectance in Region 1, since this
reflectance is given by the ratio of the energy (or energy flux) that leaves
that region ®5 by the energy that enters it ®,. These are obtained by
integrating the acoustic intensity across the chamber cross section (the
area being D x H), as

M
DH A2
Dy =8 o 3.3.7
A 4pr 007;)5 ‘PO‘Q ( )
M
DH By|?
Op = ——Soo Z B |’P "2 . (3.3.8)

Note that Spy = |[P|%. Finally, the reﬂectance is obtained from R =
$p/P4 and it is independent of any multiplicative factor appearing in
the coefficients. Finally, the energy absorbed by the sample is
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a=1-R. (3.3.9)

Calibration

As explained previously, the system relays on the difference between mea-
surements in each microphone, so it is important to calibrate them. Let
us define the transfer function H. i(M)( f) of the microphone M; as

V() =H(f)P(f), (3.3.10)

where P(f) is the measured pressure and V'(f) is the given electric volt-
age. All values are in function of the frequency f. Then, let’s consider
two microphones M; and M located at different position a and j3, re-
spectively. By taking data, interchanging the position and measuring
again, we obtain the following equations

Vo = RHM™ vy = BHM™

and . 3.3.11
v, — P1H1(M) Vo= PlHéM) ( )

Note that, although measures where taken in the same place, two different
values of electric voltage Vi # V| where obtained. This is due to the
different transfer function of each microphone. From this measures it is

possible to obtain the calibration constant as

_ wyg &Y
Ky = 7071, = W’ (3.3.12)

which is a complex number. Then the calibrated values can be obtained

from
Vi Vi1 P
<J) S (3.3.13)
Vb calib Vb K 10 I 0

Note that the relationship between the electric voltages and the pressures

is the same. Additionally, this procedure can be expanded for the case of
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three or more microphones. More information on this topic can be found
in [31]

Experimental test

To prove the efficiency of the experimental setup, the absorption pro-
duced by two samples of material SF-2 has been measured in the com-
mercial impedance tube (CIT) and in the MMIC. Both samples have a
length of £ = 7.7 cm and fill the whole medium in which they are inserted.
The sample of the tube is a cylinder with a diameter of d = 3.5 cm, while
the sample of the chamber is a prism with a width of d = D and a height
of h=H.

o
o

o
o

1 —— MMIC (Mode 0)
- — —Impedance Tube

=}
S
T

Absorption Coef.

100 500 1.000 1.500 2.000 2.500 3.000 3.400
frec [Hz]

Figure 3.11: Absorption coefficient produced by the fundamental mode
of a reference sample measured in a commercial Impedance Tube (red
dashed line) and the one measured with the MMIC developed for this
work (blue continuous line). The vertical lines are guides for the eye and
define the onset of modes m = 2 and m = 4.

Measurements have been performed for the two samples. The fre-
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quency region analyzed is from 100 Hz up to 3400 Hz. In the case of the
CIT only one mode is propagating, but in the MMIC the analyzed region
allows the propagation of modes m = 0 to m = 5. To be able to com-
pare them, the absorption coefficient of the MMIC has been calculated
by taking into account only the fundamental mode (m = 0). Since this
mode has no variation in the y-axis the absorption does not depend on
the samples width. The mono-mode absorption coefficient is calculated
as g = 1 — By/Ay.

Figure 3.11 shows the results of both experiments. The blue continu-
ous and the red dashed curves show the absorption coefficient acquired by
measuring the sample in the commercial impedance tube and the MMIC,
respectively. The vertical black lines lines define the frequencies at which
the second (fs = 1143.33 Hz) and the forth (f; = 2286.66 Hz) modes
along the y-axis start propagating inside the chamber. The two curves
show a fairly good agreement. The result obtained from the MMIC con-
sidering only the fundamental mode are shifted towards lower frequencies
with respect to the one acquired using the CIT. Note that the shifting
appears when the second mode stars propagating, f > fo, and is em-
phasized for frequencies higher than f > f;. This could be due to mode
conversion happening inside the sample.

3.4 Results and discussion

Here, the results from the experiments done with the eight natural cores
and the metamaterial core are presented and discussed. For comparison
purpose, the absorption coefficient produced by the ABH, or the com-
bined structure of shell and core, is compared with the one produced
by two cylindrical samples made of the same material as the core, but
with different radii. The first one equals the radius of the used core
Ry = 80 mm, while the second one has the same radius as the shell
Ry = 120 mm. Figure 3.12 shows the three configuration studied, where
the absorbing material and the shell are depicted with the red and the

blue color, respectively.
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ABH Bare core 1 Bare core 2

Figure 3.12: Definition of the three configurations used to compare the

absorption coefficient

As explained, for frequencies below fg = 3470 Hz, the chamber is
considered mono-mode in the z-direction. Therefore, the range of mea-
sured frequencies is from f,,;, = 100 Hz up to fe: = 3400 Hz. The
broadband performance of the ABH shell is based on effective medium
theory, which is valid for any wavelength large enough to satisfy the ho-
mogenization condition, that is A > 4a. By substituting the value of a,
the corresponding frequencies are f < 11430 Hz which is much higher
than the chosen range.

The frequency region analyzed allows the propagation of modes m = 0
to m = 5. However, due to the symmetry of the chamber and the
sample, the odd modes are not excited (their coefficients are negligible)
and, consequently, modes m =0, 2, and 4 are the only ones considered.
The second mode starts propagating inside the chamber after the cut-
off frequency f, = 1143 Hz and the fourth mode after f, = 2287 Hz.
The contribution of the evanescent modes should be also neglected, but
numerical test demonstrate that the algorithm gains stability if the first
even evanescent mode, only the reflected one, is also considered. The first
incident one has no physic logic and is not counted due its tendency to
infinite in Region 1. The coefficients of the modes that are not considered
have been set equal to zero.

Finally, although the absorption coefficient, «, has been measured in
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the chosen range of frequencies for all the samples, to be able to compare
them easily, we introduce the absorption quality factor, ()., defined as

fmaz
0. = Aif e (3.4.1)

where Af = fiae — fmin is the bandwidth.

3.4.1 Results for natural existing materials

The eight types of cores implemented with materials existing in nature
have been tested in the three possible configurations shown in Fig. 3.12.

100%
90%

80%

70% -

60% - W Bare core
(R=80mm)
50% -

40% -
uABH
30% -

20% -

Quality factor (Qu)

10% A

0% -
SF-1 SF-2 SF-3 FG

Soft samples

Figure 3.13: Absorptive quality factor @, [see Eq. (3.4.1)] of the soft
samples analyzed in the two configurations shown in Fig. 3.12, ABH and
Bare Core 1.

Figure 3.13 present a graph of the quality factors @), obtained for the
soft materials. Only the results of the ABH and bare cores with radius
R, are shown. The results of the bare cores with radius R, are omitted,
because the quality factors of the smaller bare cores are bigger than the
ones of the ABH configuration. The SF-2 and SF-3 materials are very
similar and almost no difference is found in the results.

Although the SF-1 material is the one with acoustic properties similar

to air, it presents lower absorption than the others. On the other hand,
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the FG material has almost the same acoustic properties as SF-1, but the
quality absorption is almost a 14% bigger, in the bare core configuration
with R,.

In general, all the soft material are almost matched to the surrounding
air and deliver high quality factors in the bare core configurations. But
adding the shell to the soft material decreases the absorption. This effect
is produced by the impedance mismatch between the innermost layer of
the shell, (see Fig. 3.4 blue curve), and the cores made of soft materials
(see Table 3.2.1). Notice the difference of one order of magnitude between
the maximum characteristic impedance of the shell Z,,,, = 4200 [rayls]
and the ones of the soft materials (Z € [440 — 550] rayls). By the other
hand, these materials have approximately the same refractive index (n €
[1.2 —1.4]) as the maximum value of the shell, 7,4, = 1.5. From here we
conclude, that the matching of impedances is more important than the

matching of refractive indexes.

100%
90%

80%

M Bare core

70% (R=80mm)

60% -

M Bare core
50% 1 (R=120mm)
40% -

30% - = ABH

Quality factor (Qu)

20% -
10% A

0% -

PUR-1 PUR-2 EPS-1 EPS-2 EPS-3
Hard samples

Figure 3.14: Absorptive quality factor @, [see Eq. (3.4.1)] of the hard
samples analyzed in the three configurations shown in Fig. 3.12. The
materials have increasing impedance from left to right (see Table 3.2.1).

Figure 3.14 presents the graph of @), obtained for the hard natural
materials in the three possible configurations. As expected, the (), val-

ues obtained in the bare core configurations decreases with increasing
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impedance.

In the case of the first three materials (PUR-1, PUR-2 and EPS-1),
there is almost no difference between the bare core with R, and the ABH
configurations. Looking back at Fig. 3.7, we notice the mismatch in the
bulk modulus (or in the refractive index) between these materials and
the goal value established by the shell.

The EPS-2 material is the one that has the acoustic properties more
similar to the ones required. Notice an improvement of a 24% and 14%
with respect to the bare configuration with R. and Rj, respectively. In
spite of this, EPS-3 provides the highest quality factor in the ABH con-
figuration, with an improvement of 30% in comparison to the other two
configurations. In fact, this improvement is due to the low performance
of the EPS-3 materials in the two bare core configurations. Notice that
increasing the radius of the core from R. = 80 mm to R, = 120 mm
results in almost no variation in the quality factor, only a 1%.

In general, the shell with the hard material core has, not only, im-
proved the quality factor of the bare core with R., but also surpassed
the @, of the bare core with R,. As has been stressed, matching the
acoustic impedance improves the quality factor of the ABH, but for a
large enhancement of absorption, it is necessary to match the refractive
index, too.

Note from Table 3.2.1 that the hard materials have a characteristic
acoustic impedance (Z € [1780 — 5600] rayls) with the same order of
magnitude as the maximum one of the shell Z,,,, = 4200 rayls. The
material EPS-2 is the one with most similar value (Zgps_s = 3680 rayls).
In the case of the first three materials, although the impedance is more
or less similar, there is almost no improvement. This is caused by the
difference between the refractive index of the inner most layer of the
shell (7,4, = 1.5) and the one of the cores. In the case of the first three
materials, n > 3.5, and for the last two samples, n &~ 1.5. As expected,
both, the refractive index and the characteristic acoustic impedance, have
to be matched for the ABH to work properly.

Finally, Figure 3.15 shows the frequency dependence of the absorption
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Figure 3.15: Absorption coefficient produced by EPS-2 material in two
configurations. The ABH (blue continuous curve) and the bare core
configuration with radius R, (green dashed curve). The vertical lines are
guides for the eye and define the cutoffs at which the modes m = 2 and
m = 4, respectively, start propagating inside the chamber.

coefficient « for the ESP-2 sample in two configurations, the ABH and the
bare core with the same radius Rs. Note that for almost any frequency
the absorption factor is strongly enhanced by using the refractive shell.

3.4.2 Results with the metamaterial core

From the results presented in the previous section, we arrived at the
conclusion that, its necessary that, both, the refractive index and the
characteristic acoustic impedance, are matched for a good performance
of the ABH. Here, we report the measurements using the metamaterial
core (MMC), specially designed with these characteristics.

Figure 3.16 shows a graph with the quality factors (), experimentally

determined for the three possible configurations. It is observed that
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Figure 3.16: Absorptive factor @, [see Eq. (3.4.1)] of the metamaterial
core analyzed in the three configurations shown in Fig. 3.12.

the MMC behaves like the hard samples in the manner that the ABH
configuration provides better results than the other configurations. Also,
in a similar way to the EPS-3 material, there is almost no difference in
@, of the two bare core configurations due to the high impedance of
metamaterial.

Notice, that the ABH configuration improves the quality factor, @), a
17% and 10% with respect to the bare core with R. and R,, respectively.
This result seems to be worst than the one achieved by the EPS-3 material
(30% improvement), but this is due to the low value of @), obtained in
the bare core configuration. Also, in absolute values, (), is bigger in the
case of the MMC than in the EPS-3 core.

Therefore, the MMC has almost the same acoustic properties than
the EPS-2 material, but with a higher impedance. In spite of this, it
provides better quality factors in the bare core configurations. Therefore,
we could say, that, although been a made of rigid cylinders, the MMC
presents more absorption than the EPS-2 material. The losses introduced
by friction adding to the combined effect of the black hole shell, show

results almost as good as the ones obtained by the soft materials, which
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are commonly used as absorbing materials.

Absorption Coef.

—— ABH I
- — —Bare core Rs
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Figure 3.17: Absorption produced by the ABH configuration (blue con-
tinuous line) and by the metamaterial core (green dashed line). The
vertical lines are guides for the eye and define the cutoffs at which the
modes m = 2 and m = 4, respectively, start propagating inside the

chamber.

Figure 3.17 shows the frequency dependence of o for the metamaterial
core (blue continuous line) and for the ABH configuration (green dashed
line). Note that for almost any frequency the absorption of the bare core
2, with the same dimension than the ABH, is enhanced when the ABH
is considered, demonstrating the performance of the acoustic black hole.

In comparison with the data shown in Fig. 3.15 for the EPS-2 ab-
sorbing material, the MMC provides a larger enchancement of @), in the
range from f = 1750 Hz up to f = 3000 Hz.
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Chapter 1

Theoretical introduction

This chapter introduces the basic theory needed to understand the fol-
lowing chapters. Concepts like strain and stress, the material’s properties
Poisson ratio, Young Modulus and mass density and the relationship they
have with the dynamics of elastic materials will be explained. Addition-
ally, the Euler-Bernoulli beam equation of motion and the Kirchhoff-Love
plate equation of motion will be derived, an example of solution for both
systems will be given and the boundary conditions for different systems
will be explained.

The systems used throughout this work are considered one dimen-
sional (1D) or two dimensional (2D), so the theory will be explained
from a 2D point of view. Then, from that point it’s easy to particu-
larize for the 1D systems. Also, in the scope of this work, we consider
isotropic homogeneous materials, although the resulting metamaterial
will be anisotropic and inhomogeneous.
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1.1 Stress and Strain

Strain and stress make reference to the ratio of deformation that a ma-
terial suffers and the force that its applied to create this deformation.
For two-dimensional systems, we find two different strains and stresses,
which may be classified as 'normal” and ’shear’ (i.e. acting perpendicular
to or along the face of an element respectively).

For explaining the concept of strain, let’s consider the 2D infinitesimal
rectangular material element with dimensions dx x dy shown in Fig 1.1
, which after deformation, takes the form of a rhombus.

ouy
dy y

dy

X
N,
>

Figure 1.1: Strain: Neutral and flexed states of a square plate.

The normal strain in the x-direction, €,,, is expressed as the ratio of
total deformation L, to the initial dimension L4p. The normal strain
is positive if the material fibers are stretched and negative if they are
compressed. On the other hand, the shear strain ,, is defined as the

change in angle between lines AC' and AB. Therefore,
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c LAB 8x ( )
Ou,  Ouy

= — = 1.1.2

’Ya;y « + /8 ax + ay 'Vyara ( )

where, for small deformations and rotations, the lengths and angles are

Lap = dz, (1.1.3a)
gy, \’ uy  \° Oty
ou
T ou
o = arctan —22 T~ ’ (1.1.3c)
de + G=dx Oz
Yz ] Oy,
B = arctan — 2 — (1.1.3d)

dy+%dy~ dy

In addition, there exists a relationship between the normal stresses of
different faces. It is known that, when a materials suffers compressional
force on one pair of faces, this is usually accompanied by an elongation of
the material into another direction. The ratio of displacements is called
the Poisson’s ratio v. Note that it is positive when a compressional force
creates an elongation, so

Eyy = —VEqga, (1.1.4a)
€ry = —VEpy. (1.1.4b)

The values of the Poisson’s ratio range from —oo to 1/2. For the majority
of materials in nature the Poisson’s ratio has positive values, where the
value 1/2 means that the material is incompressible.

As stated previously, to produce a strain (deformation) in a material,
it is necessary to apply a stress (force). For a linear elastic material (the
generalization of Hooke’s Law for continuous media), the normal stress

and the normal strain of a face are related through the Young’s modulus
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Figure 1.2: Stresses acting on a thin plate

E. In an similar way, the shear stress and the shear strain of one face
are related through the shear modulus G. In other words,

Opzr = Feyy, (1.1.5a)
ay = Gy (1.1.5b)

For the case of the materials used throughout this work, that is ho-
mogeneous and isotropic, the shear modulus is related to the Young’s
modulus and the Poisson’s ratio as

E
G=——. 1.1.6
2(1+v) ( )
Now, taking into account the combination all the stresses acting on

Fig. 1.2(2D system) the normal strains on each face are

1

eD) = E(Um — VOy,), (1.1.7a)
1

6?5? = E(Jyy — VOyy), (1.1.7b)
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T) _

14
5,(zz _E(O—xm—'—ayy); (117C)

and the shear strains are

1
AT = =0y (1.1.8a)
D =0, (1.1.8b)
wD =0, (1.1.8¢)

where T denotes total. Notice that the shear strains are not influenced

by the normal stresses.

1.2 Beam Physics

In this section, the Euler-Bernoulli beam equation of motion is derived,
a solution is given and finally the boundary conditions are presented.

1.2.1 Equation of motion

Sy

.
e
-
—

Figure 1.3: Beam variables in a neutral and flexed state.

The beam theory is a mathematical one-dimensional representation
of a long and thin three-dimensional body that undergoes flexure. The

thickness and the width of the beam are considered to be much smaller
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than its length (A >> h), so the problem is reduced to finding the de-
flection of the middle axis of the beam. The following assumptions are

made:

1. The plane halving the beam height h is called the muddle plane.
2. The normal to the middle plane remains normal after deformation.
3. The middle plane is unstrained.

4. The normal stress in the z-direction is negligible.

Let us consider the variables defined in Fig. 1.3. The displacement
in the a-direction, u(z, z), can be related to the angle of rotation ¢ as

ug(z,2) = —zp(x). (1.2.1)

Notice that for small deflections, the angle of rotation of the middle
axis may be approximated by the tangent itself (¢ = dw/0z). Then,
from the definition of the normal strain, Eq. (1.1.1), we know that

0%w
—2 5
and by following Hooke’s Law, the axial stress acting on the cross section,
A, of the beam is defined as

€p = (1.2.2)

0w
Opr = _EZW' (1.2.3)
The resultant moment M (x) produced on a cross section A of the
beam by o,, about an axis that passes through the middle plane is ob-
tain by integrating the moments produced by each individual differential

normal stress o,,, thus

M(m):/Aamsz. (1.2.4)

Substituting Eqgs. (1.2.3) into the above expression we obtain
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2
M(z) = —EI&%, (1.2.5)

where [ is the second moment of area.

In a similar way, the resultant shear force Q(x) acting on a cross
section A of the beam is obtained by integrating the differential shear

stresses o,., thus

Qz) = /AamdA (1.2.6)

which is not derived in this explanation. Further on, it will be obtained
through a simpler method.

a) b) )
MORYS z ™ aT

VA
L MMM
Y x M< 1 dx | >M’ %y X dx

QV

Figure 1.4: Forces and moments acting on a beam differential element
(a) and the effective differential element (b).

To derive the equation of motion for a beam let us consider a generic
differential element of length dz as shown in Fig. 1.4. Over the beam
an external force is applied that can be represented as a distributed
transverse load ¢(x). The right hand rule is applied, so a force in the
positive z-direction, will create a counter clock moment in the positive
faces. The sum of all the moment and shear forces on the differential

element have to met Newton’s Second Law, so
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0 02
q(x)dr — Q + [Q + 8—§d:c] = ma—;:dx, (1.2.7a)
Q —l— {Q + 8—Qdac} - + M — {M - %—]\jdx} =0, (1.2.7b)

where m is the mass per unit length. By neglecting second order terms,
the equations reduces

0Q 0w
q(x) + % = W’ (1.2.8a)
oM
Q= o (1.2.8b)

Substituting Eq. (1.2.5) and (1.2.8b) into Eq. (1.2.8a) we obtain the

known Euler-Bernoulli equation of motion for beams

EI —m = q(x). (1.2.9)

1.2.2 Solution to the Euler-Bernoulli beam equa-
tion

To show an example of solution of the previous equation, let’s consider
time harmonic propagation of the form e~ inside an homogenous rect-
angular section beam with constant thickness h and width b over a length
L. Then the solution for the Euler-Bernoulli equation has the following

shape

w(z) = Cre™™ 4 Che ™ + Cye™ + Cue™, (1.2.10)

where the C; are coefficients that have to be determined with the bound-

ary conditions and k is the wave number obtained from

1

mw?\ *
k= 1.2.11
< Bl > ’ ( )
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being m = phb, p the mass density and [ the second moment of area. For
the case of a rectangular section beam with the z-axis passing through

1ts center

3
I= /AZQdA = % (1.2.12)

1.2.3 Boundary conditions

X M, MZC'D

Q2
Figure 1.5: Schematic view of the beam boundary conditions.

The boundary conditions determine how the equation of motion of
two different media are coupled. Being Eq. (1.2.9) a fourth order equa-
tion it will require four boundary conditions at the interface €2. Thus,
the displacement W; and the slope W;, have to be continuous and the
sum of the moments M; and the shear forces (); have to be zero (see Fig
1.5), that is
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W= (2)], = W(z)|,, (1.2.13a)
oW=(x)| oW (x)
o .= o |, (1.2.13b)
M~ ()], = M* ()], (1.2.13¢)
Q (v)|, = Q" ()], - (1.2.13d)

From these equations every other boundary condition can be specified,
being the most common ones, the clamped condition, when the boundary

is fixed to prevent any movement,

W= (z)|, =0, (1.2.14a)
Wg;@) =0, (1.2.14b)

and the free vibration, when there is no moment or shear force acting on

the boundary,

M~ (z)|, =0, (1.2.15a)
Q (z)|, = 0. (1.2.15b)

1.3 Plate Physics

In this section, the Kirchhoff-Love plate equation of motion is derived, a
solution is given for Cartesian and polar coordinates and the boundary

conditions are presented.

1.3.1 Equation of motion

The Kirchhoff-Love plate theory can be easy expanded from the Euler-
Bernoulli beam theory. It is intrinsically a 2D theory, and can be ex-

pressed for the two main coordinate system. First, the derivation for the
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Cartesian system is explained, then, following an analogy, the derivation
for the Polar system can be obtained. As in the case of the beam, the
thickness is considered to be much smaller than its length and width
(A >> h), so the problem reduces to finding the deflection of the middle
axis of the beam. The following assumptions are made:

1. The plane halving the plate height h is called the middle plane.
2. The normal to the middle plane remains normal after deformation.
3. The middle plane is unstrained.

4. The normal stress in the z-direction is negligible.

Cartesian coordinates

Figure 1.6: Plate variables in a neutral and flexed state.

Let us consider the variables defined in Fig. 1.6. As in the case of
the beam, the displacement in the x-direction, u,, and the y-direction,

u,, can be related to the angles of rotation (¢;) as
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Uz (2,y, 2) = — 204, (1.3.1a)
uy(z,y,2) = —2¢,. (1.3.1b)

Notice that for small deflections, the angle of rotation of the middle
axis may be approximated by the tangent itself (¢; = Ow/0i). Then,
from the definition of the normal and shear stress Egs. (1.1.7) and (1.1.8)
and from Egs. (1.1.1) and (1.1.3) we obtain the stresses acting on a 2D
differential element as

Ez [0*w 9*w
oo = =7 (83:2 + V@gﬂ) ; (1.3.2a)
Ez [0*w 9*w
ow =1y (@2 n 1/812) , (1.3.2b)
Ez 0*w
= = — . 1.3.2
Ozy Oy 1 +u (axay) ( 3 C)

In analogy to the simple beam theory, the resultant bending and
twisting moments by unit length M produced by the normal stress about
an axis x; that passes through the middle plane are obtained by integrat-
ing the moments produced by each individual differential force o along
the height of the plate, thus

h/2 Pw  Pw

M, (z,y) = /_h/2 Oppzdz = —D (w -+ Va—yz> , (1.3.3a)
h/2 Pw 0w

My(z,y) = /h/2 Opz2dz = —D (8_y2 + l/w> , (1.3.3b)

h/2 8211)
M. =M, = =—D(1 — 1.3.
oy (T, Y) . /_h/2 Opy2dz ( v) (8x8y> , (1.3.3c)

where D = Eh?/12(1 — 1/?) is the flexural stiffness. In a similar way, the
resultant shear forces per unit length () are obtained by integrating the

differential shear stress o,,, thus



1.3 Plate Physics 99

h/2

Qu(z,y) = / Op2dz, (1.3.4a)
—h/2
h/2

Qy(z,y) = / 0y-dz, (1.3.4b)
—h/2

which are not derived in this explanation. Further on, they will be obtain
through a simpler method.

AQ'x AQ'y M
M xy
L 9(0) W, QV

y Y My, v My y

)/ i 7 Mo
v, N
=2 0, g / M,

y My,

Figure 1.7: Plate Cartesian differential element.

To derive the equation of motion of a plate let us consider a generic
differential element of length dx x dy as shown in Fig. 1.7. Over the plate
an external force is applied that can be represented as a distributed load
q(z,y). The right hand rule is applied, so a force in the positive z-
direction, will create a counter clock moment in the positive faces. The
sum of all the moments and shear forces on the differential element have

to met Newton’s Second Law, so
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{Qx 0Qs dx} dy — Q.dy + [Qy 0Qy dy} dr — Qudx+
0y (1.3.5a)
82
q(z,y)dxdy = ph—— 5 dxdy,
M,
M,dz — [My + a@yy dy} dx + My, dy — {Mxy + OM., dx} dy+

Oz
(1.3.5b)
aurtfo a8

da:] dy — M, dx + [Myx + Dy Mys dy] dr+

(96293 ]

M, dy — [MI + %
(1.3.5¢)

dy—zO

where p is the mass density and A is the plate height. By neglecting third
order terms they reduce to

0Q,  0Q, _ . Pw

= ph—— 1.3.
q(w,y) + =+ oy o (1.3.6a)
oM,  OM,,
= — 1.3.6b
oM,  OM,y,
= — . 1.3.
@ ox dy (1.3.6¢)
From here, applying Eq. (1.3.3), we can define the shear forces per unit
length as
Q. = —D2 (Aw) (1.3.7a)
T ox ’ o
0

where A = V2 is the Laplace operator in Cartesian coordinates.
Substituting Eqs. (1.3.7) into (1.3.6a) we obtain the known Kirchhoff-

Love equation of motion for plate as
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0%w
DViw — phﬁ =q(x,y), (1.3.8)

where V is the Nabla operator in Cartesian coordinates.

Polar coordinates

The relationship between the Cartesian and the polar coordinates is

T ; 0 = arctan (Q) . (1.3.9)
x

Applying the chain rule the following expression can be found for the

first derivative respect to = and y

ow OJwdr OJwdld Ow 10w .

O " oror T avar - or 0 g Snh (1.3.10)
ow Owdr OJOJwdld OJw 10w

- = L = " gnfh+ == 0. 1.3.10b
oy “oroy 060y or MU e ¢ (1.3.10b)

Then the second order derivatives can be obtained from

2
0w = (2 cosf — 12sin€> (a_w cos — 18—wsiné) , (1.3.11a)

dz2 ~ \or 90 or r 90

0*w 0 10 ow 1 0w

Fw _ [0 . 19 oW S ow 1.3.11
T (07‘Sln9+r866080> (87" Sln9+r89 cos@), (1.3.11b)
2

88(;0 = (agcose— 1%sinQ) (g—wsinﬁ—l—lg—? cosH). (1.3.11c)
Oy r r r r

Repeating the operations, the third and forth order derivation are
obtained. Then, Eq. (1.3.8) can be written in polar coordinates as
2
DV*w — phaa—;u =q(x,y), (1.3.12)
where now V is the Nabla operator in polar coordinates.
Moments and shear forces can be transformed in a similar way. Let
us consider the differential element shown in Fig. 1.8 of length dr x df.
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Figure 1.8: Plate polar differential element.

Notice that the x-axis coincides with the radius r, so the bending and
twisting moments per unit length M coincide with the ones from Eq.
(1.3.3) at the same point, and by substituting § = 0 in Eq. (1.3.11), we
obtain

0w 10w 1 0*w
MT(T,H) =-D (W—i‘y |:;W+T_2W:|> ) (1313&)
10w 1 0%w O*w
w0 =D (50 g ) (3430
10%°w 10w
M,o(r,0) = My, = —D(1 —v) (F@r@& — ﬁ%) . (1.3.13c¢)

In a similar manner to Eq. (1.3.7), we obtain the shear forces per

unit length as

0

Qr=-Do- (Aw), (1.3.14a)
10

Qo=-D-—; (Aw). (1.3.14b)

where A = V? is the Laplace operator in polar coordinates.
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1.3.2 Solution to the Kirchhoff-Love’s plate equa-
tion

To show an example of the solution of the previous equation, let’s con-
sider an homogeneous plate with constant thickness A, Young Modulus
E, mass density p and Poisson’s ratio v. Considering time harmonic so-
lutions of the form e~®*  the solution of the Eq. (1.3.8) can be expanded
as W = W7 + Ws, where W, and W5 are solutions of the Helmholtz and
modified Helmholtz equations, respectively. Thus,

w = (Cpre™ 4 Cppe™™ " 4 Cpge™* 4 Cpye™)

. , 1.3.15
(Cyre™™¥ 4 Cpoe™ ™Y + Cyzet™¥ + Cy4e’kyy) , ( )

where the C,; and Cy; are coefficients have to be determined with the
boundary conditions and &, and k, are the wave numbers in the z- and

the y-direction, respectively. They are obtained from

phw?
o
In a similar way, the solution of Eq. (1.3.12) in Polar coordinates is

K =k 4k =

(1.3.16)

an expansion in g-terms of Bessel functions (see Appendix A). On the
one hand, the solutions to the Helmholtz equations correspond to Bessel
functions, J,(x), and first kind Hankel functions, H,(z) = J,(z)+iY,(x).
On the other hand, the solutions to the modified Helmholtz equation
are modified Bessel functions of the first, I,(x), and second kind, K, (z).
Then, the incoming and outgoing waves are expressed as

W(r,0) =Y [AV Jy(kyr) + AT (k1) +
q (1.3.17)
B H, (k) + B K, (kor)] e,

q

where Ag‘]) and Aél) are the incoming wave coefficients and B(gH) and B,gK)
are the outgoing wave coefficients; all to be determined using boundary

conditions. In addition, k, is the wave number obtained from
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/4
([ phw? !
k:r_( - ) . (1.3.18)

1.3.3 Boundary conditions

W- W.
7 A 1 2
1 /l 4
yd
Wl,y WZ.y
X
ZA )\V,yl
Myz
A A
y, .Y
, L
/
M’yl
X 1

Figure 1.9: Schematic view of the plate boundary conditions.

The boundary conditions determine how the equations of motion of
two different media are coupled. Being Eq. (1.3.8) or Eq. (1.3.12),
fourth order equations they will require four boundary conditions at the
interface €). Thus, the displacement in the surface W, and the normal
slope to the surface W,, have to be continuous and the sum of the normal
to the surface moments M, and the shear forces acting on the surface
have to be are zero (see Fig. 1.9). That is
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W, =W, (1.3.19)
- +
oW _ oW (1.3.19D)
on |, on |,
My |, = M[],, (1.3.19¢)
Valog = Vifly (1.3.194)

where n and t make reference to the normal and tangent vectors to the
surface €2, respectively. V;, is the Kirchhoff stress [72] defined as
0

n — &n _Mn- 1.3.2
Vi Q+8t ¢ (1.3.20)

It is observed that the Kirchhoff stress takes into account not only the
shear forces, but also the twisting moments acting on the surface. Through-
out this work, we make an extensive use of the radial Kirchhoff-Stress
which is given by

2
0 Lo (aw 18—“’), (1.3.21)

V,i==—D—Aw—-D(1—-v)=— - -
o = PO =555\ Grae v e
where 0/0t = (1/r) 0/060 has been used.

From these equations every other boundary condition can be specified,
being the most common ones the clamped condition, where the wave

impinges a region which cannot support any displacement

W, =0, (1.3.22a)
AL 0, (1.3.22b)
on |,

and the free condition, where the region is entirely free and there are no

twisting or bending moments and also no shear forces

M|, =0, (1.3.23a)
Val,=0. (1.3.23b)
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1.4 Single scatterer

When an external field impinges a close region {2 with different elastic
parameters as the background, a scattering phenomenon occurs. In the
present work, the close region is considered a cylinder and therefore the
problem can be solved using polar coordinates in 2D.

Figure 1.10: Scheme of a plate of thickness h;, and elastic parameters

(Ep, py, ). The circular region with radius R, has a thickness h, and
elastic parameters (E,, pq,v,). An incoming wave Wj,. impinges the
region and generates a scattering wave W.,; and an internal wave W;,;.

Let consider a infinite plate of thickness h;, with the following elastic
parameters, mass density p,, Young’s modulus £, and Poisson ratio v.
The circular region defined by r < R, with thickness h, has different
elastic parameters as the plate, denoted by p,, F, and v, (see Fig. 1.10).
The plate thickness is not going to be considered a geometrical parameter
anymore, but it is instead introduced in the boundary conditions through
the elastic properties of the material. Then, the solution of the Kirchhoff-
Love plate equation in each medium in polar coordinates is
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W(inC) + W(Scat) — Z [A((IJ)Jq(ka’) + Aéf)[q(ka)] eiq9+
q
> [BUH (k) + B K, (kyr)] €, v > R,

q (1.4.1a)

W) = N [OD g, (kar) + CD I (kar)] €4, v < R,
q

(1.4.1b)

where

2\ 1/4 o\ 1/4
m (Y () g

Dy, D,

Eyh} E,.h3
Dy=-—"0 0 D=t 1.4.2b
T 12(1—12) 12(1 — 12) ( )

and W) 1 (scat) and W) make reference to the incoming, scattered
and internal wave, respectively.
Let’s group the incoming, outgoing and internal wave coefficients in

vector form as

A BH) o)
A, =71 . B !  Co= | 1], 1.4.3
q A((]I) q B(F,K) q C(gl) ( )

Then, in the general problem, the incoming coefficients A, are the inputs
and the scattered coefficients B, are the outputs. They can be related

through a infinite matrix called the transfer matrix or T-matrix as

q

B,| = |- T, | |A]. (1.4.4)

To obtain the T-matrix it is necessary to apply the boundary condi-

tions of a circular interface [see Eq. (1.3.19)]
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(W(znc) + W(scat)) ‘T:Ra _ W(int)|T:Ra ’ (145&)
aw(znc) aW(scat) ) aw(znt)

L _ , 1.4.5b

( 87’ 87” r=Ra 67’ r=Rq ( )

(Mﬁmc) + Mﬁscat)) ‘r:Ra — M;Znt) R (1450)

V0 v vl (as

To eliminate the sum in ¢, the equations are multiplied by e¢**? and
integrating from 0 to 27. Then, only the terms s = ¢ are different than
zero and the system reduces to

— _N, [As} , (1.4.6)

where M, and N, are matrix of the form

Hy(kyRa) Kq(kyRa) —Jq(kaRa) ~lq(kaRa)
(kvRa) Hj(kyRa) (kyRa)K}(kyRa) —(kaRa)J)(kaRa) —(kaRa)l(kaRa)
Mq - Sf(kbyRa) S;{(kaa) _St}](kavRa) —S;(ka,Ra) ’
TqH(kb,Ra) TqK(kb’Ra) _Td](ka’Ra) _T‘Il(kaa)
(1.4.7)
Jo(kyRy) I(kyRa)
kyRo)JL(kpyRa)  (kyRa)IL(kyRa
N, = (K )Js( vla) (Ko )IS( ) ’ (1.4.8)
Si (ky, Ra) S (kv Ra)
Tg(k)b, Ra) Tsl(kba Ra)

and
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Sg(ki,r) = —r—g (1 =) F (k))& (Rir) — (1 = vi) (kar) &g (Rir)]
(1.4.9)
75 (kiyr) = —% (P (1 = ))&y (kir) = (® (1 = vi) £ (kir)?) (kir ) (Kar) ]
(1.4.10)

and £ = J, I, H, K; the upper sign is used for (J, H) and the lower sign
for (I, K). To simplify S§(k;,r) and T (k;, 7), the second order ODEs
of these functions and the Wronskian (A.1.9) and (A.2.9) identities have
been used. Solving the previous system of equations we obtain the rela-

tionship between the coefficients as

T s

—Mq_le =
Xys

: (1.4.11)

where T is the gs-element of the T-matrix and X relates the C, with
the A, coefficients.

For a circular region, the T-matrix is semi-diagonal (the diagonal is
filled with two by two matrix) and note these equations are only valid
when the center of the coordinate system coincides with the center of the

circular region.

1.4.1 Types of incoming waves

To obtain the scattering coefficients, the incoming field has to be ex-
pressed as a combination of Bessel functions with arguments in polar
coordinates r = (r, ). Additionally, if the circular region is not centered
in the origin of coordinates, the reference frame of the incoming field has
to be shifted to coincide with it. The most common incoming waves are

the plane wave and the cylindrical point source.
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Figure 1.11: Source types: (a) Plane wave and (b) cylindrical point
source.

Plane Wave

The plane wave is a constant-frequency wave whose wavefronts (surfaces
of constant phase) are infinite parallel planes of constant peak-to-peak
amplitude normal to the phase velocity vector. This incoming field is
defined by the wavenumber k=k= k(cosbs,sinf) and is represented
by the equation

Wi(r) = e™*r (1.4.12)

By using the integral definition of the Bessel function [1] it can be
cast as

Walr) =Y %] Jy(kr)e'” = " A J, (kr)e”. (1.4.13)
q

q

Notice that A((ZI) = 0 for all ¢ [see (1.4.1a)] . When the scatter is not
placed at the center of the coordinates, the incoming wave can be ex-

pressed in a different reference frame «, shown in Fig. 1.11(a), as
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(1.4.14)

wherer, =r — R,

Cylindrical point source

The point source is defined as a combination of Bessel functions of the
same order . Let us suppose a cylindrical point source ¢ = 0 with
wavenumber k located at Ry = (Rs, ®;) as shown in Fig. 1.11(b), then
the wave equation is defined as

21 -
W,(r) = He(krg) + =K (kry) | e 1.4.15
(0 ;[gwwﬂgme (1.4.15)
where ry = r — Ry = (4, 0,). Using Graph’s Addition Theorem (see Ap-
pendix A.3), the previous equation can be expanded in Bessel functions
and expressed in a different frame «, shown in 1.11(b), as

Wira) =) [ Hy—g(kRos)e" €% J, (kry ) e+

2i " Z.
5 [0 K ek Ro)e 0 L) (1410)

wherer, =r — R,

1.5 Multiple scattering

Consider a cluster of N circular regions with arbitrary position located
at (Ry, ®,) and radius R with o = 1,2,..., N as shown in Fig. 1.12.
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Figure 1.12: Cluster of N=2 circular regions located at (R,,®,) and
(Rg, @p)-

If an external displacement interacts with the cluster, the total incoming
displacement on the a-region will be a combination of the incident and
the scattered displacement of all the other region. Therefore the system
is completely coupled as the wave bounces back and forth through the
cluster.

Let us define the total incoming displacement as Wo(fnc), which takes
into account all the incoming waves arriving to the a-region; and the
total scattered displacement as W™, Their expressions have the form

wimd = F (kyr, 0) (A )a, (1.5.1a)
Wo(lscat) _ Z FfK(kbra 0) (B((]T))a; (151b)
q
where
FT%(5,) = [T(s) @4(0)] €, (15.2)

and (A7), and (B((JT))Q are the total incoming and scattered coefficients
in matrix form, respectively [see Eq. (1.4.3)]. They are related by
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(Bt(JT))a = Z(qu)a(AgT))aa (1.5.3)

s
where T, is a two by two matrix [see Eq. (1.4.11)].

As was explained in the previous chapter, the T-matrix relates the
incoming and the scattered wave, but only when the center of the coor-
dinate system and the circular region coincide. To change the position
of the origin of coordinates, Graphs Theorem (see Appendix A.3) can
be applied, such that the total scattering displacement created by the
[-region described as

W(Scat 7”5,(95 ZF k:brg,ﬁﬁ (B ))5, (1.5.4)

can be rewritten in the system of coordinates centered at « as

W (1, 00) = S ST (g, 00) G (o Rus, D) | (B
" (1.5.5)
where
H. (,Lg) 0 i(r—
Grs 7 _ s—r i(r—s)y 1.5.6
(K, 7) [ 0 (_1)7"KS_T(/£)] ‘ ( )

Then the total incident displacement on the a-region is written as

W) =N "B (kyra,0a) (Ao + > W (ra,00), (157

s B#a
where (Ajg), are the incoming coefficients of the external displacement
field expressed in the o frame. Notice that both fields are now expressed
in the o frame. Combining Eq. (1.5.1a) with (1.5.7) and rearranging

terms we obtain

(Ao = (Ao + D> GralktRag, Pas) (B4 (1.5.8)
Bra T
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Multiplying this equation by (Ts), and adding for all s we get

(B)a = (Ty at D (T Z Gos(kyRag, ®ag) (B)s

s B#a s
(1.5.9)
By introducing the Kronecker delta function (9,; = 1 only if i = j)

and rearranging terms we arrive to the following equation

ZZ ar)as(B)s = (Ny)a (1.5.10)

where

(Mgr)ap = Gaplr = (1 = 6a5)(Tys)aGrs (ks Rag, Pag)  (1.5.11)

S

(Ng)a = Z(qu)a(As)oz (1.5.12)

S

More specifically, equation (1.5.10) can be written in matrix form as
its acoustic counterpart [see Part I Egs. (1.3.10)-(1.3.11b)]. Now each
element of the matrix will be a two by two matrix instead of a scalar
value. To solve the infinite linear systems described in Eq. (1.5.10) it
is truncated so that max|¢| = max|r| = max|s| < . Then the total
scattering coefficients (B{")), are obtained and the total displacement

r

W in the background medium is calculated as

= F (k) A+ > > FI(kyra, 00)(BM)a,  (1.5.13)
q o q

with r, = r — R, being the distance from the center of the a-region to
an arbitrary position r in the background medium.

To calculate the internal displacement of each region, the internal
coeflicients of each region (C,), are needed. These are obtained by com-
bining Eq. (1.5.8)] and Eq. (1.4.6).
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1.6 Multilayer scatterer

This section presents the multilayer scattering method. This models is
employed to make numerical simulations of structures that are radially
inhomogeneous, that is, their parameters depend only on the radial co-
ordinate.

Figure 1.13: Multilayered structure employed in the multiple scattering
algorithm with N = 10 layers. The background layer is n = 0 and
corresponds to the region r > R;) and the core layer is n = N + 1 and
corresponds to the region r < Ry.1.

The continuous variation of the parameters of the structures is dis-
cretized into a number N of homogeneous cylindrically symmetric layers.
Figure 1.13 shows the cylindrical structure discretized into N = 10 layers
each one with different elastic properties. The layers are numbered such
that the background corresponds to n = 0 and the core layer corresponds
ton=N+1.

From the previous section, it is known that the displacement in a thin
plate is a combination of standard and modified Bessel function. So, in
the case of a multilayer structure, the field of the n-th layer is described
as
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Wa(r,0) => " [(A)dg(knr) + (AL Iy (Knr)] €9+

q

! 1.6.1
Z [(B(SH))an(knT) + (B(SK)>an(knr)] e’ ( )

q
being (A((]J))n, (Agl))n, (BéH))n, (BSK) )n the coefficients of the expansion
(A for the incoming wave towards the center of the region and B for the
scattered one) and k, being the wavenumber in the n-th layer.
The objective now is to relate the coefficients of each layer with the

ones of the previous and next layer. Defining

(A, (B
qn — (A((][))n ’ qn — (B(gK))n ) (162)

from Fig. 1.13 we can deduce that the relation between the coefficients

of layers n and n — 1 is given by

Aqm, = Tq,n—ln : Aq,n—l + qu,n—l : Bq,n7 (163&)

Bq,nfl = Rq,nfln : Aq,nfl + Tq,nnfl : Bq,n7 (163b)

where T, ,,_1, and R, ,,_1,, are the g-th element of the transmission and
reflection coefficient matrix (2x2) from layer n — 1 to n, respectively.

Defining the layer elastic impedance matrices (2x2) as By, = Zgn - Ay,
the above equations read as

A =0—=Rymn1Zgn) " Tonin Agn-i, (1.6.4a)
Aq,n :(Tq,nn—l : Zq,n>_1 . (Zq,n—l - Rq,n—ln) : Aq,n—la (164b)

from which we can obtain the recursive relation for the coefficient Z,,,
as

qu_l = qu—ln + Tq,nn—l . qu . }Cq7717 (165&)
Xgn =T =Ry Zgpn) " Tynin. (1.6.5b)



1.6 Multilayer scatterer 117

Starting at the last layer n = N, since B, y+1 = 0, the impedance in
the last layer Z, n is simply

Bq,N = Rq,NN+1 . Aq,N — Zq,N = Rq,NN+1- (1.6.6)

The iterative process continues till n = 1, so all Z,,, and X, ,, matrix
are obtained. Then, the incoming and scattering coefficients of each layer
are given as a function of A, which is defined by the external incident
field, applying the following relationships

Byn = Zgn - Ay, (1.6.7a)
Ay =Xgn Ay (1.6.7b)

Notice that with few modifications in the notation is is possible to couple
the Multiple Scattering (see 1.5) and the Multilayer Scattering algorithms
and therefore have a cluster of multilayered structures.

Reflection and transmission coefficients

The calculation of the reflection and transmission coefficients of every
layer in both propagation directions (to and from the center of the struc-
ture), required to realize the aforementioned procedure, is detailed below.

Let us consider a single layer with only one boundary where an in-
coming wave A,; impinges on the interface. In Fig. 1.14a the incoming
wave A,, travels towards the center of the circular region, producing
a reflected wave B, in the opposite direction and a transmitted one
A, 11 to the next layer. On the other hand, in Figure 1.14b, the in-
coming wave A, 1 travels towards infinity, producing a reflected wave
B, ,+1 towards the center of the circular region and a transmitted one
A, to the previous layer.

To obtain these reflection and transmission matrices, the boundary
conditions described in Eqs. (1.4.4) are imposed. For the first system,

the coefficients of layers n and n + 1 are related by
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(b)

~

Agn . . Agn+1

P P

Bgn > Bgn+1
= =

Figure 1.14: Mono-layer systems employed to obtain the reflexion and
transmission matrices from layer n to n + 1 (a) and from layer n + 1 to
n (b).

B,
MO | Per | N0 [Aq n} , (1.6.8)
I Aq,n-i—l 1 7
where
[ i) (o) ) (s
(1) o Kn q\Fn Rn q\Fn —\Kn41)Jdg(Fn+1) —(En+1)dg(Kn+1
M,’ = SH (1) SK (rin) 8 (Fn11) (ke | (1.6.9)
L TH) TEGw) T Ges) T (k)
Jf]</iﬂ) Iq(’in>
n J, n n I, n
Sy (Kn) Sy (Fn
J i
i T; (Kn) T, (K,

and k, = k,R,. Additionally, S%(k,) = S5(k,, R,) and TS(k,) =
TS (ky, R,) where defined in Eq. (1.4.9) and Eq. (1.4.10), respectively.

Similarly, for the second system, the coefficients of layers n + 1 and
n are related by

Bq,n-{—l

2
M) A

— _N® [AWH] , (1.6.11)

q,n
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where
[ o) ) )If'(f"m) Y
(2) o Kn+41)Jdg(Kn41 Rn41 Rn41 —\Kn ) (Kn —(kn q\kn
Mq - S(‘J](HTH,l) (K/n+l) 7351(,471) ,Sé((,,m) s (1612)

i T (Knt1) Tf(nnﬂ) —TH (k) —T* (kin)
Hq(’fn+1> Ky(kns1)
Sq (l{n-i-l) Sq (/{n—i-l)
TH(kr)  T¥(kun)

Now, by knowing the definition of the reflection and transmission
matrices in the first system

Rq,nn+1 = Bq,n : (Aq,n)_l, (1614)
Tq,nn+1 - Aq,n—i—l : (Aq,n)_l, (1615)

and the second system,

unn“rln - B%?‘H'l : (Aq7n+1)_17 (1'6']‘6>
Tyntin=Agn (Agni1) " (1.6.17)

It is straightforward to obtain them from Eq. (1.6.8) and (1.6.11).

1.7 Scattering cross section

As in the case of acoustics waves, the displacement maps of a plate can be
plotted, but to better analyze the results, or compare the effects produced
by two different systems, one dimensional plots are more suitable.

Once again, let us introduce the scattering cross section (SCS). The
scattering cross-section is defined in optics as a hypothetical area describ-
ing the likelihood of light particles being scattered by a scattering center.

It is a measure of the strength of the interaction between the scattered
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particles and one or several scattering centers. Also in this case, the SCS
also describes the shape of the scattered displacement at the far field
produced by a circular region. It is defined as

Oscat(k,0) = lim [/ T (1, 0)| (1.7.1)
T—00

where W5 is the scattered displacement, which is a combination of
Bessel functions. Its asymptotic expression detailed in Appendix A can

be used.
Combining Eq. (1.4.1a), (1.7.1) and (A.2.10) the SCS of the circular
region centered in the origin of coordinates is

| 2 ‘ i
Uscat(kyg) = ‘ % E (—Z)qB(gH)an .
q

(1.7.2)

Figure 1.15: Variables needed to calculate the scattering cross section.

The calculation of the SCS of a cluster is more complex and some
of the steps will be below. Let’s consider the cluster shown in Fig 1.15.
From the right hand side of Eq. (1.5.13) we know that
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Weeat(r, 9) ZZFHK (kora, 0a)(BL)q. (1.7.3)

When r — oo we can apply the asymptotic expression of the Bessel
functions [see Eq. (A.1.10) and Eq. (A.2.10)]. Note that K,(r) — 0.
Then the previous equation is rewritten as

scat (TH 2 (g, —in/4 ik(ra—Ra cos(0—Pq)) ,iql
TILIEOW (r,0) ZZ Ja\/ 7a( i)le e e'?,

(1.7.4)
where (BéTH))a is the total scattering coefficient of the Hankel function

and the following simplifications have been performed

i 7, ~ r — R,cos(0 —®,)  For the exponentials (1.7.5)
r—00 r For the rest

lim 0, ~ 0 (1.7.6)
T—>00

Finally, the SCS of a cluster of cylinders is

2 . —1 cos(f0— 7
Oscat (K, 0) = ‘\/%ZZ(—Z)q(BSTH))ae klia cos(0=0a)gial| — (1.7.7)
q «

1.8 Energy Flux

In a two dimensional system, the energy flux (®) is the rate of energy
transfer through a closed boundary ). Assuming a periodic motion of
the form e~™?! it is defined as

- Q/I 4, (1.8.1)
2 Ja

where
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0 oW
= — *_ R,
I=5 | nAW AW — | (1.8.2)

and A is the Laplace operator, & denotes the imaginary part and d/0n
is the derivative with respect to the normal of the boundary 2.

YA
(a)

)

\m

-_;--l
o

Figure 1.16: Variables used to calculate the intensity of a plane wave (a)
and a circular region (b)

In the following paragraphs, we calculate the energy flux of the two
main fields used during this work: A plane wave field and the field pro-
duced by the interaction of an incident wave impinging a circular region
inside a plate.

Plane wave

In the case of a plane wave, it is common to calculate the energy flux
of a line segment Q of length (g, (see Fig. 1.16a). Taking into account
that the wavenumber of the plane wave is defined as k= (ky, ky) and the

vector normal to §2 is n = 2, then the energy flux is defined as

w3ph
ks

P = lo, (1.8.3)



1.8 Energy Flux 123

where h is the thickness of the plate. Notice that ® variates with the
thickness. If the plate’s thickness decreases gradually without reflecting
back, the amplitude of a wave increases due to the energy conservation.

This result will be important later on.

Single circular region or cluster

To calculate the energy flux of a circular region it is common to define the
contour €2 as the boundary of a circle of radius rq > R, (see Fig. 1.16b).
In this case, the normal vector to the contour coincides with the radial
vector, then n = r. From Eq. (1.4.2) we know that the background field
produced by a single scattered is W =) o Wy where

Wy = [AD Jy(kr) + A1 (kr) + BY Hy(kr) + B K, (kr)] €.

(1.8.4)

Then, by applying it to Eq. (1.8.1) we obtain the energy flux as

wD 2
o="2 [ Id0, (1.8.5)
2 Jo
where
OAW ! oW, .

=S [;Wq X Z S|+ [ 5, X ;AWS . (1.8.6)

which can be further simplified with the following considerations

1. To obtain the energy flux [Eq. (1.8.5)], I is integrated from 0 to

2m. In this case, only the terms s = ¢ are different from zero.

2. If the arguments of the Bessel functions are real, then the com-
plex conjugate of the radial functions can be eliminated. Notice
that H = J 4+ ¢Y. Additionally, the Wronskian identity defined in
Appendix A for both regular and modified Bessel functions can be

used.
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3. Notice also from Eq. (1.8.6) that only the pure imaginary terms
are needed.

4. The following properties apply to complex numbers ZZ* = |Z|,
Z+ 7" = 2R[Z] and Z — Z* = 23]Z].

Finally, the energy flux is defined as

4

® = 40Dk [|B§H>|2 +R((A

q

(D) BI) 4 go ((A(I))*B(K))} '
(1.8.7)
As stated previously, the normal to the surface coincides with the
radial vector (towards infinity). As a consequence, if ® > 0 then inside
the region there is a source of energy. If & < 0 the inside region is
absorptive. Finally, if & = 0 then there is a balance between the energy
amount entering and leaving the region enclosed by €2. This method
has been used through out this work to test if the T-matrix has been

calculated correctly.



Chapter 2

Elastic Lenses

This chapter reports several gradient index lenses for flexural waves in
thin plates. The method for its realization is explained in the theoret-
ical introduction. Unlike the previous approaches in acoustics, based
on phononic crystals, the present method is based on the thickness-
dependence of the dispersion relation of flexural waves, which is used
to create gradient index devices by means of local variations of the plate
thickness. Numerical simulations of known circularly symmetrical gra-
dient index lenses have been performed and the results are presented in

later sections.
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2.1 Introduction

The equation of motion describing flexural waves in thin plates is modeled
using the Kirchhoff-Love plate equation (1.3.12), in which the vertical
displacement W of the plate is obtained from

VAW — KW =0, (2.1.1)

where w is the angular velocity and the wave number k is given by a
quadratic dispersion relation of the form

2] w2hp

D Y
being p the mass density, h the thickness of the plate, D = Fh?/12(1—1?)
the flexural rigidity, £ the Young Modulus and v the Poisson ratio.

k=

(2.1.2)

It is seen that both the phase and group velocities of the waves are
function of the plate’s thickness. It is straightforward to obtain the re-

fractive index as a function of the position-dependent A

Cp hy,

n(r,0) = = . 0)’ (2.1.3)
where h; is the background’s thickness and h(r,f) the variation of the
thickness in polar coordinates. If all the other elastic properties of the
plate remains unchanged, then Eq. (2.1.3) describes how the refractive
index increases with decreasing thickness. It is important to notice that,
despite of being an intrinsically dispersive medium, the refractive index

does not depend on the frequency of the wave.

2.2 Design of elastic lenses

A set of refractive index lenses with circular symmetry have been stud-
ied. Table 2.2.1 shows the list of these lenses, corresponding to several

solutions of the Luneburg problem with their respective variation of the
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Table 2.2.1: Normalized refractive index of several solutions of the Luneb-
urg problem (first four lenses). Additionally, a concentrator lens (last
lens) obtained by mapping the electromagnetic regime in the elastic one.

Lens Name Refractive Index (n)

Luneburg n=+2-—r?
Maxwell Fish-Eye n = 2/(1+ r?)

90° Rotating rn* —2n+r =0
Eaton n=+/2/r—1
Concentrator n=1/r

refractive index. Any Luneburg lens is a spherically symmetric gradient-
index lens with a typical refractive index n decreasing radially from the
center to the outer surface [16,44]. The last device corresponds to the
elastic analogue of the optical concentrator studied for electromagnetic
waves by Narimanov and Kildishev [52]. Note that all these lenses have
been defined for optical waves, however, since they are obtained using the
geometrical optics approximation, we assume that the solutions are also
valid for flexural waves. This assumption has been successfully applied
previously for acoustics in Part I Chapter 2, where the mapping with the
electromagnetic waves is well supported.

Figure 2.1: Scheme of a circular flexural lens with radius R with a radial

dependent thickness h(r) to achieve the desired refractive index n(r).

Figure 2.1 shows a schematic view of the five gradient index lenses
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presented in this chapter. All the lenses are defined by a circular region
r < Rg in which the thickness h(r) of the plate is a function of the
radial coordinate. This gradual variation of the plate’s thickness can be
modeled to match the gradual variation of the refractive index of the
desired lenses.

Luneburg Maxwell 90° Rotating

Eaton Concentrator

Figure 2.2: Ray tracing for several solutions of the Luneburg problem:
Luneburg, Maxwell’s fish eye, 90° rotating and Eaton lens. The last one,
corresponds to a concentrator lens obtained by mapping the electromag-

netic regime in the elastic one.

Figure 2.2 shows the ray tracing of the five lenses. In the case of
the Luneburg lens, (a), each point on the surface is the focal point for
parallel radiation incident on the opposite side. Therefore a plane wave
impinging the lens is focused in a point. This effect can be reversed, so a
point source located on the surface will be transformed in a plane wave.
The Maxwell’s fish eye lens, (b), focuses each point on its surface to the
opposite point on the same surface. Within the lens, the paths of the

rays are arcs of circles, creating the pattern that gives name to the lens.
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The 90° rotating lens (c), as its named implies, bends the trajectory of
the waves 90 degrees. Notice that a plane wave impinging the whole
surface of the wave will be divided in two. The wave that hits the upper
part of the lens while bend downwards, while the one that hits the lower
part while bend upwards. The Eaton lens, (d), completely bends the
impinging wave backwards. Finally, the concentrator lens, (e), focuses
the wave towards the center of the lens.
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Figure 2.3: Variation of (a) the refractive index and (b) the thickness of
the studied lenses in function of the normalized distance.

Figure 2.3(a) shows the variation of the refractive index along the
propagation axis for each one of the lenses described in Table 2.2.1. Fig-
ure 2.3(b) shows the corresponding solution for the radius-dependent
plate thickness h(r,#)/h, obtained using Eq. (2.1.3). Notice that all the
proposed flexural lenses present a refractive index larger than that of the
background, therefore the height will always be smaller than that of the
plate. In other words, all these lenses can be done by gradually decrease
the plate’s thickness.

A homogeneous infinite aluminum plate with £ = 78.97 Gpa, p =
2700 kg/m® and v = 0.33 has been considered. The normalized thickness
of the plate is h,/Rs = 0.0167. It is important to note in Fig. 2.3(a) that

in some cases the thickness tends to zero as we approach the center of
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the lens. To avoid this singularity a minimum thickness is established as
Pomin (1) /ey = 0.2:1073 which is small enough to not affect the simulations.

2.3 Numerical simulations

The simulations have been performed using the one dimensional mul-
tilayer scattering method, described in section 1.6, where the continu-
ous refractive index of each lens has been discretized in a number N of
cylindrical symmetric layers. As the method describes, the vertical dis-
placement in each layer W, satisfies the Kirchhoff-Love plate equation
and, by applying boundary conditions at each layer, the total scatter-
ing displacement of the whole system can be calculated. Each lens was
discretized in N = 100 and the simulations demonstrate that this is a
good approximation to the ideal continuous device for the wavelengths
of interest.

Figure 2.4 shows the real part of the displacement W (r,#) for the
different type of lenses listed in Table 2.2.1 when a field with kR, = 8.37
(A/Rs = 0.24) is excited on the plate. Panel (a) shows a Luneburg Lens
in which a plane wave is focused at the border of the device. Panel (b)
shows a Maxwell Fish-Eye, where, in this case, a point source is excited
at the border of the lens and it is focused at the opposite point. Panel (c)
shows a 90° Rotating lens, where the incident plane wave is symmetrically
redirected along the perpendicular direction of propagation, similarly as
the Eaton lens shown in panel (d), where the wave is directed backwards
this time. The concentrator lens shown in panel (e) is identical to the
photonic black hole [52] which was also studied for acoustic waves in
Part I Chapter 3. As expected, the elastic counterpart presents a similar
behavior.

Broadband performance

As a parameter used to prove the broadband efficiency of the method to

control the refractive index with the thickness, we have used the scatter-
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Figure 2.4: Real part of the displacement W (r,#) produced by a plane
(a,c,d,e) or cylindrical (b) wave impinging a (a) Luneburg, (b) Maxwell,
(c) 90° Rotating, (d) Eaton and (e) Concentrator lens at kRs = 8.37.

Color scale is the same as in Fig. 2.6.

ing cross section (SCS) defined at as [see section 1.7]

o(k,0) = lim |rWe(r,0)|, (2.3.1)

T—00

where Wi (rf) is the displacement of the scattered wave. The SCS has
been calculated from 6 € [—m, 7] and for a wide range of normalized
wave-numbers (kR € [5,40]). Fig. 2.5 (a), on one hand, shows o for
the 90° Rotating Lens. Note how it increases in the near of § = +7/2
and becomes narrow when the normalized wave-number increases. By
the other hand, Fig. 2.5(b) shows o for the Eaton Lens. In this case,
it increases in the near of § = 47 and also narrows with increasing

normalized wave-number.
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Figure 2.5: Scattering cross-section produced by (a) the 90° Rotating
Lens and (b) the Eaton Lens.

Commercial FEM simulator

e - ()
i ‘ 15
-1
1
0
| 05
X’ o ))\\ 0
> //
| -0.5
-1
1
' ' -1.5
r i '
-2
-1 0 1
x/IR

Figure 2.6: Real part of the displacement W (r,#) produced by a plane
wave impinging a Luneburg Lens. Simulations done with a commercial
FEM simulator using the 3D Elastic Theory (a) and a the 1D Multilayer
simulator (b).
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Finally, in order to test the flexural wave approximation, a numerical
experiment employing the full 3D elastic equations, has been realized
with a commercial finite element (FEM) simulator. Figure 2.6 shows
the real part of the displacement W (r, ) resulting when a plane wave
impinges the Luneburg lens. Fig 2.6(a) shows the result given by the nu-
merical simulator based on the Kirchhoff-Love plate equation and Figure
2.6(b) the results obtained from the commercial simulator. Both results
are very similar and show the expected behavior produced by a Luneb-
urg lens. Note that the result obtained by the commercial simulator are
slightly distorted due to the difficulty of achieving zero reflectance on the
boundary of the elastic plate. Moreover it is a full 3D elastic simulation.
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Chapter 3

Insulating Device

This chapter reports a gradient index device for insulating from vibra-
tions a circular area of a thin plate. The device is made to mimic the
attractive and repulsive potentials of a well-like structure. The waves fo-
cused at its bottom are dissipated by means of an absorptive layer placed
on top of the plate. First an introduction is given, then the design of the
device is presented and finally numerical simulations are discussed.
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3.1 Introduction

As explained in the chapter 2 the refractive index of a plate can be
tailored by changing the thickness of the plate as

[ .
== 2.1.
n(r,) . 0)’ (2.1.3 revisited)

where hy, is the backgrounds thickness and h(r,6) the variation of the
thickness in polar coordinates.

Using this method, we have designed a thickness-inhomogeneous re-
gion which will attract and dissipate vibrations on the plate, accom-
plishing then a double objective. From one side, the central region will
be properly isolated, from the other one, the device will dissipate the
vibrations on the plate.

Figure 3.1: Schematic view of the structure studied in the present work.
The central circular region is surrounded by a thickness-varying shell so
that it is isolated from the propagation of flexural waves on the plate.

Figure 3.1 shows a schematic view of the gradient index device. It
consist of a circularly symmetric region in which the thickness of the
plate is gradually changed according to the desired functionality. In this
case, a well-like profile is drilled surrounding a central area, which is
the region to be isolated from external vibrations. Following the results
obtained in chapter 2, the objective of the decreasing height (increasing
refractive index) region is to act as an “attractive” potential, so that
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it tends to concentrate vibrations, while the inner region of increasing
height (decreasing refractive index) will act as a “repulsive” potential,
isolating in this way the central region. All waves traveling around this
device will be concentrated at the bottom of the well where they will be
dissipated.

The dissipation is obtained by placing an absorptive material in con-
tact with the plate in the region between the attractive and the repulsive
potential. As explained in section 1.8, when the thickness of the plate
decreases, the amplitude of the wave increases. Thus, the ideal place
to place the absorptive layer is at the bottom of the well. The plate-
absorptive system can be described as an effective metamaterial making
use of the Ross-Kerwin-Ungar (RKU) model.

3.1.1 RKU absorbing layer model

Using the Ross-Kerwin-Ungar (RKU) model [64] it is possible to describe
the system plate-absorptive material as a single composite.

Absorptive Lamina o)
k., D.v.,
Pei e

Figure 3.2: Scheme of a binary system composed of an absorbing layer
(thickness 0) placed on the top a the plate (thickness h,). Each layer has
its own elastic parameters that combine to produce a composite material
(thickness h.), with new elastic parameters.

Lets us suppose a plate composed of two perfectly bonded layers made
of different isotropic materials. The lower material has a thickness of h,,
while the upper one is an absorptive materials of thickness ¢, as shown
in Fig. 3.2. Each material is characterized by the Young’s modulus F£;,
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the mass density p; and the Poisson’s ratio v;. Absorption is introduced
in the model by adding a complex part in the Young modulus called the
loss factor 7, such that £ = F (1 +in). The sub-indices a and ¢ stands
for the parameters of the plate and absorbing layer, respectively.

The RKU model states that the binary system can be described as a
single layer with a given Young modulus F., thickness h., Poisson ration
v, and mass density p.. Then, the wavenumber of the composite material
is defined as

12w?%p,(1 — 1/? 1 h 4
ko — (2Pl Zv) i . (311
E.h? (1 —in,) + (1 —in)h, B

where p, = pg/pa; hr = 6/hg, E, = Ey/E, and o = 3 + 6h, + 4h2.
The thickness of the composite is simply the total thickness of the
two layers

he = ho + 6, (3.1.2)

while its density is the volume average of the densities of the two materials
o ,Oah'a + ,065
pC hc N

It is assumed that the Poisson ration of the composite is the same as
that of the plate,

(3.1.3)

Ve = V. (3.1.4)

From Egs.(3.1.1)-(3.1.4), the flexural stiffness is cast as

DC = prChC = hg
ke 12(1-12)

Bul(1+ heBra) — i(na + e, )] . (3.15)

Finally, knowing that E, = D.12(1 — v?)/h2, the Young modulus of

the composite is obtained and its loss factor is found as
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~ SHES e+ nehe B
T R{EY T 1+hEa

(3.1.6)

Notice that neither the mass density nor the Poisson’s ratio affect the

composite loss factor.

RKU model tests
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Figure 3.3: Variation of the composite loss factor 7, with the normalized
Young’s Modulus E, = E;/E,, for different values of the loss factor of
the absorptive layer 7. (h, = 0.5 mm and 6 = 0.5 mm)

To better understand the behavior of the loss factor given by Eq.
(3.1.6), some numerical experiments where conducted. Figure 3.3 shows
the variation of the composite loss factor with E,. for different values of 7,.
The thickness of the aluminum plate is h, = 0.5 mm and the thickness of
the layer is 6 = 0.5 mm. It is observed that 7. approaches the loss factor
of the absorptive layer 7, as the normalized Young’s Modulus E, >> 0.5,
as expected from Eq. (3.1.6). Figure 3.4 shows how the composite loss
factor changes with the h, and 0. Note that when the thickness of the
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Figure 3.4: Variation of the composite loss factor 7, with the thickness
of the layer ¢ for different plate thickness h,.

plate decreases, a minor change in the thickness of the layer changes the
loss factor greatly.

3.2 Design and Optimization

The insulating device is designed and optimized to obtain maximum
transmission between each region, so the geometric and elastic properties

are given and the optimization process is described.

The insulating device consists of five regions shown in Fig. 3.5a, i.e.
the background (gray), the attractive potential (blue), the absorptive
(red), the repulsive potential (green) and, finally, the core region (yellow).
Figure 3.5b shows the variation of the thickness of the plate according

to the following function
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Figure 3.5: (a) Schematic view of the different regions defined in the
insulating device and (b) variation of the thickness of the plate. The
core is defined by r < R, (yellow) and corresponds to the area to be
isolated from vibrations. Region R, < r < R, is the repulsive potential
shell (green), region R,, < 1 < R, is the absorbing shell (red) and region
Ru, < 1 < R,y is the attractive potential shell (blue). The gray region
(r > Ry,p) corresponds to the background and it extents towards infinity.

(h=h, r <R,
h= dihsn (r — R)? + b Re <7 < Ry
h(r) =< h = hon R, <r<Rm (321)
h = %(T — Rab)2 + hmzn Rab <r S Rap
L h == h’b Rap < r

where h, = 10mm is the thickness of the plate in the background, h,,;, =
0.5mm is the minimum thickness of the plate (prior to the optimization
process), R. = 15¢m is the radius of the core, R,, = 30cm is the radius of
the “repulsive potential” shell, R,, = 45c¢m is the radius of the absorptive
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shell and R,, = 60cm is the radius of the “attractive potential” shell.
Notice that the normalized thickness of the plate is hy/R,, = 0.0167, so

the variation in thickness is very smooth.

Table 3.2.1: Elastic parameters of the binary systems materials

Aluminum  Molded Polyester

Young modulus £ 78.97 Gpa 7.8 Gp
Mass density p 2700 kg/m3 1400 kg/m?
Poisson ratio v 0.33 0.34
Loss factor n 0.0001 0.1

The background plate is made of aluminum while the absorbing layer
is made of molded Polystyrene. The elastic parameters are reported
in Table 3.2.1, whose values were obtained from [6]. Given that the
thickness of both the absorptive layer and the plate can be tailored, their
values are optimized in order to maximize the device’s efficiency.

To maximize the energy transfer through all the layers, the system
requires a good matching between each interface, so that the reflections
of incoming waves be minimum. As explained in chapter 1, the bound-
ary conditions are continuity of the displacement W, its radial derivative
0,.W , the conservation of the bending moment and the generalized Kirch-
hoff stress, as given by Eqs. (1.3.19). These equations are functions of
the flexural stiffness D(r) and the wavenumber k(r) (v does not change),
so that, in order to minimize reflections when changing from one region
to the other one, these values have to be continuous.

Although the thickness values given from Eq. (3.2.1) provides this
continuity, once the effect of the absorbing layer is added, a mismatch
between the layers surrounding the absorptive shell occurs. An optimiza-
tion process solves this problem. Two parameters have been optimized,
the thickness of the absorbing layer (§) and the thickness of the absorb-
ing plate (hq < hpin). Figure 3.5b shows, in the absorption region, the
original value h,;, (dashed line), the new thickness value h, <l
(continuous line) and, finally, and the total thickness after adding the
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absorbing layer h, + 9§ (dash-dotted line). The goal is to obtain a relative
error lower than 0.1% for the flexural stiffness and the wavenumber, i.e.

€D(r) = |D(T)target - D(T>|/D(7’)tmget (3.2.2a)
Ek(r) - |k<7ﬂ)m7"g€t - k(r)|/k:(r)target (322}3)

of less than 0.1%. After the optimization, the values for the new thick-
ness of the plate and the layer are h, = 0.44h,,;, and 6 = 0.55mm,
respectively. Also, the composite loss factor achieved was 7. ~ 0.1.

3.3 Numerical simulations
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Figure 3.6: Thickness variation as a function of the distance r for the
three structures studied in this work. The region wanted to be free of
vibration is r < R,,/4. (a) Attractive potential with the absorptive layer.
(b) Attractive and repulsive potentials without the absorptive layer. (c)

Full isolating device.

Using this design, numerically simulations were conducted by means
of the multiple layer scattering method, described in chapter 1.6. This
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method requires the application of the proper boundary conditions at
each layer, for which it is necessary to know their physical properties.
Note that the only parameter that changes from layer to layer is the
plate’s thickness, except at the bottom of the well, where a dissipative
material is placed. Each region has been discretized into N = 100 layers,
which has been shown to be a good approximation to the ideal continuous
device for the wavelengths of interest.

For comparison purposes, the three configurations shown in Fig. 3.6
have been studied. The first one is a device with the same geometrical
characteristics as the designed one, but without the repulsive potential
(Fig. 3.6a); the second one is a device with the same geometrical char-
acteristics as the designed one, but without the absorptive layer and
the optimization (Fig. 3.6b); and the third one is the designed device
(Fig.3.6¢).

To further understand what is occurring inside the three configura-
tions, let us consider the displacement fields illustrated in Fig. 3.7. They
show the modulus of the displacement in the z-direction when a plane
wave with wavenumbers kR,, = 15 (upper panels) and kR,, = 35 (lower
panels), impinges the devices under study. The white circles represent
the boundaries defined by Eq. (3.2.1). Plots (a) represent the displace-
ment without the repulsive potential. Notice that, although the system
presents absorption, the wave is focused into the core and a high ampli-
tude is achieved. Panels (b) are for the device without the absorptive
layer, but adding the repulsive potential shell. It is observed that the
wave is expelled from the core and the amplitude decreases in compar-
ison to the previous panels, even though it does not have absorption.
Finally, plots (c) correspond to the designed optimum device. By intro-
ducing the absorptive layer, the wave amplitude in the core is further
reduced. Notice that the panel in the second row has the same pattern

as the one in the third row but without the attenuation.

For comparison purposes we have introduced the vibration average in

the region ¢ defined as
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Figure 3.7: Modulus of the displacement in the z-direction when a plane
wave with wavenumber kR,, = 15 (upper panels) and kR, = 35 (lower
panels) impinges on the three devices tested in this work. Displacement
produced by (a) the device without the repulsive potential, (b) by the
device without absorption and (c) by the designed device.

1
< |W)? >= §//S (W (r,0)dS, (3.3.1)

where S; is the area defined by R; < r < R;11, with R; € [00, Ryp, Ra,
R,,, R.,0].

The plots a,b,c and d in Fig 3.8 show the vibration average produced
in the four regions defining the device: the attractive potential shell, the
absorbing shell, the repulsive shell and the core, respectively. Each figure
shows the values of the vibration average for the designed device (con-
tinuous line), the device without absorption shell (dashed line) and the
device without the repulsive potential shell (dotted line). Notice that in

general, the vibration average decreases with increasing frequency, due
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to the frequency response of the absorptive layer. Some peaks are ob-
served in the device without the absorption shell due to resonances of the
structure, which disappear once dissipation is introduced in the device.
Overall, the designed device has the minimum vibration average in all
the regions, which shows its efficiency not only for dissipating vibration
energy but also for isolating a given region from these vibrations.
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Figure 3.8: Vibration average in (a) the attractive potential shell, (b)
the absorptive shell, (c¢) the repulsive shell and (d) the core. The lines
correspond to the designed device (continuous line), the device without

absorption (dashed line) and the device without repulsive potential shell
(dotted line).



Chapter 4

Flexural resonator

This chapter describes the mathematical analysis of an in-plane flexural
resonator. First the problem is described and solved, giving informa-
tion on how to couple the Euler-Bernoulli beam and the Kirchhoff-Love
plate equation of motions. Here the T-matrix is obtained through an
impedance method instead of that described in chapter 1. Then, numer-
ical simulations are presented and the results prove the efficiency of the
method.
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4.1 Introduction

(=7

Figure 4.1: 3D Scheme (a) and 2D scheme (b) of a thin plate with a hole
(cylindrical boundary 2) traversed by a beam (oriented at angle of 6,)

connected to the plate at two anchor points (V;; i = 1,2)

Figure 4.1 shows a 3D scheme (a) and a 2D scheme (b) of the system
here analyzed. A flexural wave with linear wavefront is incident in an
arbitrary direction on a hole (cylindrical boundary €2) in the thin plate.
Inside, there is a beam connected to the plate at two anchor points (¥;;
i = 1,2). The beam is inclined an angle of §,. The motion of the flexural
wave W interacts with the motion of the beam V' and creates a scattered

wave.

4.1.1 Coupling Boundary Conditions

To couple the two equations of motion we make use of the boundary con-
ditions. From Eq. (1.3.23), the boundary conditions for a hole in a thin
plate are M, = 0 and V,, = 0 at the boundary 2. For the problem con-
sidered, the beam introduces additional conditions at the anchor points
in U; requiring that the displacement and the slope are continuous and
the sum of the moments and the sum of the stresses are zero. Then, from
chapter 1, the displacement W of the plate can be expressed as
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W = Z Wq(r)eiqe = Z [qu”c(r) + W;“‘t(r)]eiq@

q

= Z [AéJ) Jo(kpr) + Agl)[q(k’br) + B(SH)Hq(k’bT) + BéK)Kq(ka)]eiqo,
q
(4.1.1)

and the displacement V' of the beam can be expressed as

V(x) = Cletihr 4 0Hemhe 4 plgthe 4 pllg—he (4.1.2)

Along this chapter, both displacements are positive in the positive z-
axis. Also, a positive slope is represented as an inclined black line. The
moments in a 3D figure are represented using the double-headed arrow
notation and the right-hand grip rule. In the case of a 2D figure, ® and
® represent an ingoing and outgoing double arrow, respectively. Finally,
the shear stresses are defined with a single-headed arrow.

Figure 4.2: Scheme of the direction of all the moments and shear stresses
defined by the Kirchhoff-Love plate theory. Notice that M, = M;; +

Figure 4.2 shows all the moments and shear stresses defined for the
Kirchhoff-Love plate theory. Notice that M;; = M;; + (OM;;/0z;)dz;
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Figure 4.3: Scheme of the direction of all the moments and shear stresses
defined by the Euler-Bernoulli beam theory. Notice that M, = M, +
(OM,/0z)dx and Q' = Q, + (0Q,/0x)dx

Figure 4.4: Scheme of the boundary conditions, displacements (W, V),
slopes (W, V'), moments (M,, M,) and shear stresses (V,, Q).), between
the plate and the beam at the two anchor points ¥, and Ws.

and Qj; = Qi + (0Qij/0x;)dx;. In a similar way, Fig. 4.3 displays
the direction of the moments and shear stresses defined for the Euler-
Bernoulli beam theory. Notice that M. = M, + (0M,/0x)dx and Q) =
Q. + (0Q,/0x)dx.

Finally, Fig. 4.4 shows the plate and the beam together. W, is the
right anchor point at (r,6) = (R,0) and (z) = (+R); and U, is the left
anchor point at (r,0) = (R, n) and (z) = (—R). The upper panel shows

the displacements and the slopes and the lower panel shows the moments
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and the shear stresses. Notice that the Kirchhoff Stress is defined as
V. =Q, — (1/r)0M,9/00 so its direction is the same as Q.

The boundary conditions require that at the anchor points W¥; the
displacement and the slope are continuous and the sum of the moments
and the sum of the stresses are zero. Looking at the two panels shown
in Fig. 4.4 it is easy to obtain them as

W(R,0) =V(R) and  W(R,7)=V(—-R), (4.1.3a)
o = v and o = — v . (4.1.3b)
or |r=r  0x|,_p or |r=r or |,_ _x
6=0 O=m
M. M
M, |pep = =& d Ml|_p= == , 41,
T|9:§ R|,_x o |9:§ R|,_ » (4.1.3¢)
Qaz Qz
lr=r = — d r=p = — — 4.1.3d
v‘azg R\, _p o V|e:§ R|,_ g (4.1.3d)

Notice that the moments and the shear stresses of the beam are divided
by the radius R of the hole. It is useful to take into account the dimension
of each term. The moment of the plate, M,, has dimensions of [N] while
the moment of the beam, M,,, has dimensions of [Nm]. At the same time,
the Kirchhoff Stress, V;, has dimension of [N/m] and the shear stress,

()., has dimensions of [N]. Therefore, if we integrate over a differential

element ¢
O+e
M, (0)Rd6 = M,, (4.1.4)
0—e
O+e
/ V.(0)RdO = Q,, (4.1.4b)
0—e

we see that an additional term 1/R has to be added to the moments and

the shear stresses of the beam.

4.1.2 T-Matrix Solution: Impedance Method

Once the boundary conditions are known both equations of motion can be

coupled. Instead of using the approximation explained in chapter 1, here
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an impedance method for flexural waves that is analogous to the one
described for acoustic waves by Bobrovnitskii in [7] is here developed.
The method consists in obtaining the T-matrix of an interface as the
combination of three impedance matrices. Two of them describe the
background and the third one describes the internal media.

The T-Matrix is defined as B = TA, relating the incident wave am-
plitudes to the scattered amplitudes. Using Einstein notation it becomes
B, = T ;A where

A
AL

B
B

q

Tll T12

A, =
T21 T22

B, =

) q

) qs —

(4.1.5)

In [7] the impedance matrices were defined by the relation between
the pressure P and the particle velocity v at the boundary ). Notice,
that the boundary condition for a fluid-rigid interface is v = 0 and for a
fluid-vacuum interface is P = 0. In the case of a thin plate, the boundary
conditions for a plate-clamped interface are W = W/ = 0 and for a plate-
fluid interface are M,. =V, = 0. By analogy, we can define a new set of

impedance matrices as

(inc) (inc)
M, ;
e M | 0
v, “
q s
(4.1.6a)
(scat) (scat)
Vr _ Z((;cat) [;‘;] : at Q
T q r s
(4.1.6b)
Y (inc) (scat) (inc) (scat)
V'r n VT = —Zs [W’ + W at )
T q s q Id s r s
(4.1.6¢)

inc Zscat
as » Hgs
tered and internal wave, respectively. Notice that they are defined at

where Z and Z,, are the impedances for the incoming, scat-
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the boundary €. Solving from Equations (4.1.6) we obtain the following

relationship
(scat) (inc)
w ~ w
[W’] = Ty [W’] , (4.1.7)
T q ' s
where
Tys = (35" + Zys) 20 — Zys)- (4.1.8)

It is noticed that T relates the displacement and the slope of the
incoming and scattered wave at the boundary between the two media.
In the case of a circular region in a plate, these are given by

[W](W) [ J(kR) LR | [A] e A L
Wi [k TikR) kI R)| | A =i |~
(4.1.9a)
[W](Scat) - | Hy(k,B) Ky, R) | By iqf _ _Bé] iq0
W: q - _katlz(kpR) ky K (kpR) BSK) - -B(gl) e,
(4.1.9b)

Notice that B = TA, from which it is easy to obtain the matrix T as a
function of T,

Ty = [MES ()7 (2050 + 2] 20~ 2] (M (k). (4.1.10)
where M is a quasi-diagonal matrix defined as

T.(kR) @k
MR () = | Talkift)  @o(kil) | (4.1.11)
o EYI(R) k@ (k)
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Background Impedances

Based on the definitions of Eq. (4.1.6a) and (4.1.6b), the background
impedances are obtained as

Z(m) = —N (k) M2 (k) 7, (4.1.12a)

qq

Z(scat) _ N$K<kp) [Mq}{ZK(kp)]ia (4112]3)

aq

where

NI2 (k) = : (4.1.13)

and S5(k;) = S5(ky, R) and TG (k;) = TE(k,, R) are defined in Eq. (1.4.9)
and (1.4.10), respectively.

Internal Impedance

The following procedure is used to obtain the third impedance matrix
required for the solution, which is associated with the internal beam. On
the circular boundary 2 we have, (M, = 0,V, = 0) V6 except for (§ =0,
6 = 7), hence the two boundary conditions (4.1.3c) and (4.1.3d) can be

rewritten as

1

Mr(6>|r:R EM{E(Q) = E [Mx(R)5(9 - 9\1’1) + Mx(_R)(S(H - 8\112)] )
(4.1.14a)

VO, =Qul6) =  [Qu(R)OO — b,) — Qul~ RIS — bu,)].
(4.1.14b)

Knowing that 0y, = 6, and 6y, = 6, + 7 and expanding Eqs. (4.1.14a)
and (4.1.14b) in azimuthal orders, using 0(6 — 6;) = 3->_, e1(0=01) e
obtain
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Z M, e — 27TR [Mx(R) + (—l)qu;(—R)] e1(0=0s)
(4.1.15a)

Z Qq 27TR [Qx(R) _ (—1)qu(—R)} oia(6—0b)
(4.1.15b)

These equations can be combined and rewritten in matrix form as
Mg

[g’”] - e;;( on] [_]\Z)‘RRD. (4.1.16)

The two unused boundary condition, state that the displacement and

the slope have to be continuous in the anchor points, so it is necessary

to express the moment and shear forces in the anchor points as a combi-

nation of the displacements and the slopes at both sides of the beam.
From the definition of the displacement of the beam, Eq. (4.1.2), we

can write the following matrix

V(x) (ikb)oeikb” (7ikb)oe—ikbz (k‘b)oekbz (7]%)067,%9; CI
V’(Jl‘) . (ikb)leikbx (71-’%)1671‘1%1 (kb)lekbx (7]%)167,%32 CII L117
V”(x) | (ke)?eT (—iky)PeT 0T (Ry)2efot (—ky)PeFo® DI ( L )
(ikp)3e™b® (—iky)3e b (ky)3eFb® (—ky)3e ko
V() DI
Evaluating this at the end points x = + R, simplifying and ordering terms
we obtain
V(—R) ! V//(_R) loll
V/(-R) cr VIU-R)| _ oy |C"
V(R) =Ly D! and V//(R) - kbL2 7| (4.1.18)
V’(R) DI V///(R) DIl
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efikbR eikbR e*kbR GkbR
Z’kbe—ikbR —ikbeikbR k;be_kbR —kbekbR
L, = ik R o—iko R ko R ok | (4.1.19a)
Z‘k,beikbR —ikbe_ikbR kbekbR —k:be‘kbR
_ _e—ikbR _eikbR e—kbR €kbR
L _Z'k,be—ikbR Z'kbeikbR k,be—kbR _kbekbR
2 = _ ik R ik R bR o—hoR (4.1.19b)
—ikyeto R ek ekt e—Re R

Taking into account the required boundary conditions Eqs. (4.1.3), the
sign of some rows has to change. Therefore

L) = L, : L,= L. (4.1.20)

By combining the three previous equations, we obtain the moment

and the shear stress as function of the displacement and the slope as

M_R V—R V—R

_ / RV
Qor| _ — EIRZ[LY) L)) Vor| g | Von (4.1.21)
MR VR VR
Qr Vi Vi

where the 4 x 4 Stiffness Matrix K is simplified and has the following

final form
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K, K,
—EIk?
K= = b«
1—cqy,
K; K,
—38), k;b_l(sch — csp) ¢y — ¢ —k:b_l(sh —5)
—kp(esp + scp) 58y, ky(s + sn) c—cy
Ch—C —ky M (sp — 8) —$8p, ky'(scn —csp) |
ky(s + sp) c—cy —ky(csp + sep) S5,
(4.1.22)

with ¢ = cos(2k,R), s = sin(2k, R), ¢, = cosh(2k, R) and s, = sinh(2k,R).
For the purpose of this work it is useful to rewrite Eq. (4.1.21) as two
separate relations

M_g | v
Bl =K, Vf*f + K, V’f , (4.1.23a)
—Q-r| ViR VR
o T -
Rl | V| ok, VR (4.1.23D)
QR _V—/R V]/%

Combining Egs. (4.1.16) and (4.1.23) yields the following result

Vr
Vi

V_r
V.

+(=1)

(K 4 (—1)7K,] ( ) (4.1.24)

M, e 1%
Q.| 27R
q

The two remaining boundary conditions (4.1.3a) and (4.1.3b) may be

written in terms of Fourier coeflicients as

V_r
V',

Vr
Vi

S

=3 (-1 [Xff] % (4.1.25)
s R s

Combining these boundary conditions with Eq. (4.1.24) we obtain

W )
_ Z [WZ] ezs@;,’
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M,
Vi

=->"12, [W?] , (4.1.26)
WR
q S s

where the 2 x 2 blocks of the internal impedance matrix are given by

ei(S_Q)Gb

Zy =~ (1+ (1)) [K; + (—1)K,] (4.1.27)

4.2 Scattering and internal coefficients

The results of the previous section are summarized here. This provides
in one place simple formulas for the coefficients of the incoming, the
scattered and the beam solution.

Incident Wave Coeflicients

While the general solution can handle arbitrary incidence here we focus
on plane wave or a point source, which will be used in the numerical
examples later. The coefficients of an incoming wave, which where de-
scribed in Chapter 1, for these two possible cases are as follows

A, = 201 o0 for a plane wave in direction 6, (4.2.1a)
[ Hy(k,R) |

A= |, o(hpfs) e % for a point source at (R, 0,).  (4.2.1b)
_?Kq(kpRs)

Scattered Coefficients

The coefficients defining the scattered wave are obtained from B, =
T,sA; where the T-matrix has 2 x 2 block elements

Tos = M (k) ™" (235" + Zs] 22 — Zos) - ML (By)),
((4.1.10) revisited)
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with
Zgiqnc) == Nﬁ(kp)Mﬁ(kp)*l, ((4.1.12a) revisited)
Z4 ) =Nt ()M (k) ((4.1.12b) revisited)
i(s—q)0y
Lgs = — ‘ 7R (1+ (1)) [Ki + (—1)7K,]  ((4.1.27) revisited)
7

where Egs. (4.1.11), (4.1.13) and (4.1.22) were used in simplifying terms.

Beam Coefficients

The coefficients for the flexural waves in the internal beam are, see Eq.

(4.1.2),

OI JI HK A‘(IJ)
C[[ <_1)quq (kp> (_1)quq (kp) A(I) .
DI - [Lll]_l E B(qH e,
q MJI(k ) MHK(k ) q
DIl qq \""P qq \"'p BéK)
(4.2.2)

These follow from Eqs. (4.1.9) and (4.1.18).

4.3 Numerical simulations

In this section the theory developed previously is tested to prove its
efficiency. Conservation of energy is used as one measure of the accuracy
of the method. The results are visually compared against a commercial
finite element method (FEM) simulator and the SCS obtained by the
analytical simulator are presented over a wide bandwidth.

4.3.1 Energy Flux

The principle of conservation of energy has to be met, so if the system

is not capable of absorbing or creating waves, the result of calculating
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the energy flux crossing a circle around the system has to be zero. The
energy conservation relation is known from a previous result in Chapter
1 as
D ( 0 ow

Q

Applying this result to our work yields the following relationship which
has to be fulfilled by the coefficients A, and B, if there is no absorption

in the medium:

q

AwDKE " (1B +R{(AD) B} + 28 {(4P) B} ) = 0.
q

(4.3.2)

Equation (4.3.2) was used to verify all of the numerical calculations.

4.3.2 Commercial FEM Simulator

A commercial finite element simulator has been used to calculate the
behavior of the system. This simulator solves the full elastic equation
(including longitudinal, shear vertical and shear horizontal waves) to cal-
culate the displacement field in a 3D model of the system. As incoming
wave we have selected a plane wave (05 = 0) at three values of the non-
dimensional frequency, k,R = [, 27, 57|. The system is also considered
for three possible orientations of the internal beam: 6, = [0°, —45°, —90°],
see Fig. 4.1. The data is subsequently exported and compared visually
against the analytical simulator coded using the theory described in the
previous section.

The FEM simulator runs in an Intel Core i7-3930K @ 3.2Ghz machine
with 32GB of RAM. Each simulation shown in Figs. 4.5 and 4.6 required
192.000 free tetrahedral elements to mesh the whole 3D volume and took
approximately one hour to finish. The ones in Fig. 4.7 took 7 hours to
be completed due to the huge number of elements needed (over 1 million)

to perform an accurate calculation.
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Figure 4.5: Absolute value of the displacement field produced when a
plane wave (s = 0) with a reduced frequency k,R = 7 impinges on
the system for three different beam orientations 6, = [0°, —45°, —90°].
The upper panels shows the results obtained by the analytical simulator
and the lower panels show the ones obtained from the commercial finite

element simulator.

Figure 4.5 shows the absolute value of the displacement obtained
from the analytical simulator (left panels) and the FEM simulator (right
panels) when a plane wave (65 = 0) of non-dimensional frequency k,R =
7 impinges on the system. In a similar way, Fig. 4.6 and Fig. 4.7 show the
results obtained from the analytical simulator (left panels) and the FEM
simulator (right panels) for a non-dimensional frequency of k,R = 27 and
k,R = 5, respectively. Notice that the scattering pattern created by the
two simulator are very similar for all combinations of frequency and beam
angle considered. Note particularly the case when the beam is tilted at
0y, = —45° where the discontinuities of the non-symmetric scattering
pattern has been perfectly reproduced by the analytical simulator. It
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Figure 4.6: The same as for Fig. 4.5 except that the non-dimensional
frequency is k,R = 2.

is evident from the three simulations that the flexural wavelength in
the internal beam are the same in both simulations, although the FEM
simulator shows some 2D wave effects within the beam that are not
modeled by the 1D beam theory.

From the comparison shown in Figs. 4.5-4.7 we can conclude that
our semi-analytical modeling is stable and accurate in a broad band of
frequencies, at least until k, R = 57 which is the maximum value consid-
ered here. We note that there are clearly some restrictions to our model:
(i) it has the same limitations implicit in the Kirchhoff-Love and Euler-
Bernoulli theories, which have been employed in the modeling; and (ii)
the present analysis only applies to objects with axial symmetry. Re-
striction (i) could be relaxed using higher order plate and beam theo-
ries, although the analysis and matrix algebra will be more complicated.
Regarding (ii), more general shapes could be considered following the
methods described in [73].
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Figure 4.7: The same as for Fig. 4.5 except that the non-dimensional
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frequency is k,R = 5.

4.3.3 Scattering Cross Section

The amplitude of the scattering cross section (SCS) of a flexural waves
is calculated as explained in Chapter 1

Osc(ky,0) = (4.3.3)

2 . H) _iqf
ﬂ_—k.pZ(—Z)qBé )eq .
q

Figure 4.8 shows the SCS produced when a plane wave (6, = 0)
with non-dimensional frequencies ranging from k,R = 0.57 to k,R = 57
impinges on the system. Figure 4.8a is the SCS produced by a hole in the
plate. Notice that for the beam oriented at 6, = 0° (Fig. 4.8b) the SCS
around ¢ = 7 is lower than on Fig. 4.8a because the wave can enter the
beam easily and propagate across it. On the other hand, in the position
at 0, = —90° (Fig. 4.8d), the wave encounters a hole and so it is reflected

producing more back-scattering. In the case of the position at 8, = —45°
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Figure 4.8: SCS produced when a plane wave (f; = 0) with reduced
frequencies ranging from k,R = 0.57 to k,R = 57 impinges a hole in a
plate (a) and a hole with a crossing beam at three different orientations:
0, = 0° (b), 6, = —45° (c¢) and 6, = —90° (d).

(Fig. 4.8¢c) there less back-scattering in [0, 7] than in |7, 27] because the
entrance to the beam is located at 0, + 7 = 37 /4.
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Conclusions

Throughout this manuscript new theoretical and experimental results
have been reported for acoustic and flexural metamaterials. This man-
uscript was splited in two major parts. One covered the experimental
demonstrations of two acoustic refractive devices based on sonic crys-
tals, while the other presented three theoretical contributions showing
the potential application of flexural metamaterials known as “platonic
crystals”.

Part I: Sound Waves

In Chapter 2, the focusing properties of a 2D GRIN sonic lens made
of aluminum rods was presented. This lens proved to obtain good focal
spot and broadband performance below the homogenization limit. Addi-
tionally, an analytical model to predict the focal spot position has been
fully explained and can be replicated with other gradient index profiles.
This types of devices are feasible and reliable for possible applications not
only in the audible range, but also for ultrasonics and even for acoustic

surface waves.

Chapter 3 reported the design, fabrication, and characterization of
the acoustic analogue of the photonic black-hole. The structure consists
of an outer shell that guides acoustic energy to the core center that dis-
sipates the incoming energy by friction. Both parts were designed using
metamaterials based on sonic crystals. Experimental results proved that
the constructed sample acts like a broadband omnidirectional acoustic
absorber. Structures like the one studied here are potentially applica-
ble as acoustic invisibility devices based on total absorption as well as
practical structures to attenuate environmental noise.

Part II: Vibrations

In Chapter 2, a method to locally modify the refractive index by ad-
justing the plate’s thickness was reported. Five different refractive lenses
for flexural waves in thin plates were studied. Numerical simulations,
based on a multilayer scattering algorithm, confirmed the expected be-

havior of the five lenses analyzed and support the refractive index model
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employed. It has also been demonstrated their broadband performance.
This method provides the tools to obtain quasi-continuous variation of
the refractive index, which obviously cannot be done with discrete lat-
tices.

Chapter 3 showed the theoretical demonstration of an omnidirectional
and broadband isolating device, used to stop the propagation of flexural
waves in a given circular region of a thin plate. It is based on a circular
gradient index lens that guides flexural waves to an annular region where
the vibrations are dissipated via an absorptive lamina placed on top
of the plate. The gradient index is also achieved by locally modifying
the plate thickness. Finally, we presented numerical simulations done
with a multilayer scattering algorithm, to proof its efficiency. Since the
properties of the employed materials are existent in nature, the proposed
device is feasible and, then, an experimental verification is expected in
the near future.

In Chapter 4, we presented an analytical solution to obtain the T-
Matrix of a thin plate with a hole traversed by a beam. The theoretical
model is based on an impedance method developed for acoustic waves.
We fully explained the coupling of the Kirchhoff-Love and the Euler-
Bernoulli theories and the solution has been given in isolated parts that
can be replaced easily. To verify the theory the principle of conservation
of energy has been used. Additionally, an analytical simulator has been
developed and the results have been tested against a commercial finite
element simulator. Finally, the far-field behavior of the system has been
presented for a wide bandwidth and different beam orientations, indicat-
ing a strong variability in the scattered field depending on the relative

alignment of the beam with the incident wave.
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Future Work

The present work concentrated on two research topics: acoustic and flex-
ural metamaterials. Further, for both of them, major contributions were
made there is room for improvement. Additionally, the results detailed
in the previous chapters, opened new research topics. Listed below as
future work.

An analytical model was used to predict the focal spot position of the
gradient index lens as a function of the dimension of the lens. The equa-
tion was derived using a ray trajectory approximation, Fermat’s principe
and Snell’s law. These are commonly theorema used in optics, but they
provided good results predicting the propagation of acoustic waves. How-
ever, it could be possible to refine these results by using Chapman’s law,
which is more suitable for sound propagation in fluids [23].

In the case of the acoustic black hole, the energy is dissipated by
friction. The sound wave is forced to propagate through a sonic crystal
with a high filing fraction. To further understand this mechanism, the
multiple scattering method could be improved to take into account a
viscous medium by introducing the simplified version of the Navier-Stokes
equation. Thus, we could not only tune the acoustic properties of the
metamaterial, but also its absorption.

Both the flexural lenses and the isolation device have been theoret-
ically studied, but not experimental demonstrated. The measuring sys-
tem needed for this purpose is still under development in our group. It
consists of a Doppler laser vibrometer mounted on a 2D moving plat-
form that measures the vertical displacement of a thin plate excited by
a piezoelectric. The whole system is controlled by LabView and signal
processing tools are used to process the measured signal. We expect to
obtain results soon.

The analytical model used to describe the behavior of a thin plate
with a hole crossed by a beam is itself an achievement, but it is not
the final goal. The idea behind the theoretical model is to reproduce
the theoretical elastic graphene proposed by Torrent et al. [75]. In this
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work Torrent used punctual resonators, so a direct implementation is not
feasible. Thus, it is necessary to model and design “actual” resonators
to recreate the results in an experiment. In 2014, Andreassen et al.
[2], proposed an in-plate resonator which consisted of a circular hole
with a centered circular island connected by two beams to the plate.
Based on this design and the theory developed in this manuscript we
expect to numerically and experimentally demonstrate the predictions
from Torrent et al [75] who used punctual resonators.
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Appendix A

Bessel functions

A.1 Bessel’s differential equation
The Helmholtz equation in polar coordinates (r,0) is

0? 10 1 0? 9
(ﬁ‘f’;g‘i‘ﬁ@‘i‘k ) \IJ(T,Q) _07 (A‘1‘1>

and has the solution

U(r,0) =Y Ty(kr)e, (A.1.2)

where ¢ is an integer, k is the wave number and the function Y,(kr) has
to satisfy the Bessel differential equation

s o+ (k) = )T =0, (A.1.3)

being z = kr a complex number. Because this is a second-order differ-
ential equation, there must be two linearly independent solutions. The
two different families of functions are called the Bessel functions of the
first and second kind.

The Bessel functions of the first kind, denoted as .J,(z), are finite at

the origin (z = 0) and oscillate towards infinity with a decay proportion-
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Figure A.1: Bessel functions of (a) the first and (b) second kind.

ally of 1/4/z, see Fig. A.1(a). The function can be defined by its Taylor

series expansion as

T =3 % (g)‘”zn g > 0. (A.1.4)

The Bessel functions of the second kind, denoted as Y,(z), have a
singularity around (z = 0) that tends towards negative infinite values.
For increasing values of |z|, the functions oscillate towards infinity with
a decay, see Fig. A.1(b). Being a a real number, then the functions are
defined as

Y, (2) = lim Jo(2) cos(am) — J_a(z).

a—q sin(az)

(A.1.5)

There exist a third solution to Bessel’s differential equation, which

is a linear combination of the two previous ones. They are know as the
Hankel functions Hél)(z) and HéQ)(z), defined as

H;l)(z) = J,(2) +1Y,(2), (A.1.6a)
HE (2) = J,(2) — iYy(2), (A.1.6b)
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where ¢ is the imaginary unit. The importance of Hankel functions lies
more in theoretical development rather than in application. These forms
of linear combination satisfy numerous simple-looking properties, like
asymptotic behavior or integral representations. For time harmonic so-
lution of the form e~™*  they are useful to express outgoing (H")) and
incoming (H®)) propagating cylindrical waves (or vice versa, for solutions

of the form e™?).

A.1.1 Properties

For integer values of ¢, the solution of the Bessel’s differential equation are
entire and derivable functions. To simplify the notation, lets introduce
the following relationship

%&"”) — K (1), (A.17)
where T = J, Y, H. Then the solutions of the Bessel’s differential equa-
tions satisfy the following relations and properties

T (k) = (=17, (kr), (A1.80)
%Tq(k’r) T, (k) + Ly (), (A.1.8b)
2k (kr) = Y1 (kr) — Toqr (kr). (A.1.8¢)

The Wronskian identities are

k[J,(kr)Y'  (kr) — J' (kr)Y,(kr)] = i—i, (A.1.9a)
k[J,(kr)H' ((kr) — J' (kr)H,(kr)] = % (A.1.9b)

A.1.2 Asymptotic Forms

When = — 1, being z a real value,
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2

Jy(z) =~ —cos (m - qg - %) (A.1.10a)
2 . qm T
2 ) )

H,(z) ~ ﬁ(—i)qe_”/ﬁ‘e” (A.1.10c)

A.2 Modified Bessel’s differential equation
The Helmholtz modified equation in polar coordinates (r, ) is

2 10 18
<ﬁ T A v ) U(r,0) = 0, (A.2.1)

and has the solution

U(r,0) = Ty(kr)e, (A.2.2)

where ¢ is an integer, k is the wave number and the function Y, (kr) has
to satisfy the modified Bessel differential equation
2
7’2% + 7’% —((kr)* +¢*)Y =0. (A.2.3)
being z = kr a complex number. This differential equation appears dur-
ing the resolution of the equation of motion of thin plates. As in the
case of Bessel’s differential equation, this is also a second-order differ-
ential equation, and therefore there must be two linearly independent
solutions. The two different families of functions are called the modified
Bessel functions of the first and second kind.
The modified Bessel functions of the first kind, denoted as I,(z),
grow exponentially with increasing argument |z|, see Fig. A.2(a). They
are useful to describe evanescent waves coming towards the origin. The

function is defined in terms of Bessel function of the first kind as
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(b)

Figure A.2: Modified Bessel functions of (a) the first and (b) second kind.

I,(2) = (—i)9J,(i2). (A.2.4)

The modified Bessel functions of the second kind, denoted as K,(z),
decay exponentially with increasing argument |z|, see Fig. A.1(b). They
are use to describe evanescent scattering waves. Being o a real number,

then the functions are defined as

K,(z) = lim T La(z) = Ia(z).

a—q 2 sin(am)

(A.2.5)

A.2.1 Properties

For integer values of ¢, the solution of the modified Bessel’s differential
equation are entire and derivable functions. To simplify the notation,
lets introduce the following relationship

oY, (kr)
or
where T = I, K. Then the solutions of the modified Bessel’s differential

equations satisfy the following relations and properties

= kY (kr), (A.2.6)
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T_y(kr) = Ty(kr), (A.2.7)
for T =1, K and
2q
HTQU{;T) =Ty 1(kr) = Typa(kr), (A.2.8a)
2k74 (kr) = Yoo1(kr) + Yo (kr), (A.2.8b)

for Y = I,(—1)?K. Finally, the Wronskian identity is

k[1,(kr)K' (kr) — I')(kr) K (kr)] = —E (A.2.9)

r

A.2.2 Asymptotic Forms

When x — 1, being z a real value,

P n 4 2 _ 7 — 2
R (1 \ ;(—D"H“ e )) (A2100)
me™" [T, (4¢° — (2i = 1)%)
V2 (1 i Z n!(8x)n

K, (2) ~ ) — 0. (A.2.10Db)

n=1

A.3 Graf’s addition theorem

Graf’s addition theorem for Bessel functions is given in Abramowitz and
Stegun Handbook of Mathematical Functions [52]. It is a special case
of Neumann’s addition theorem. Let’s consider the vectors and angles
shown in Fig. A.3, then the theorem can be expressed in the following
form, for the solutions of Bessel’s differential equations,

T, (w)ert = Z T s (1) J(v) 0 v < u, (A.3.1)

where T = J.Y, H; or, for the solutions of the modified Bessel’s differen-

tial equations,



A.3 Graf’s addition theorem 181

Figure A.3: Variables of Graf’s addition theorem.

T, (w)erfm = Z Ty () I (v)e 0 v < u, (A.3.2)

where T = I, K. Notice that the condition v < u gives two possible ways
of applying it.
Throught out thiw work, Graf’s addition theorem has been applied

to change the reference frame in three different situations:

1. Expressing an incoming wave or point source in a different frame.

2. Expressing the scattering field produced by the S-cylinder as a wave
centered into the a-cylinder.

3. Expressing the total scattering field of a cluster as an effective field

scattered by one cylinder.

Here, to illustrate the process, the second case used during the demon-

stration of the multiple scattering method is presented. A similar ap-
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Figure A.4: Example of application of Graf’s addition theorem.

proach is used to solve the other cases. The objective is to express the
quantity [see Eq. (1.3.3)]

Hr(k?b’f’@)eweﬁ (A33)

in the reference frame of the a-cylinder. Let’s consider the system de-
scribed in Fig. A.4. We want to express rg in the o frame, so w = ra
and v = r,.Then the angles are

w =Tg, ewu:q)ﬁa_eﬂ’
U ="Ta, euv - (27T - (I)ocﬁ) + 0047
U:Rag, q)/ga:q)aﬁ—’ﬂ‘.

Then, Eq. (A.3.1) is rewritten as
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H, (kbrﬁ)eiT’@age—irwe—ireﬁ _ Z Hr+s(kbRo¢,B) J, (kbra)eis%re—iséag eisea .
s

(A.3.4)

Simplifying and reorganizing terms

H, (kyrg)(—1)"e™"% = Z [Hr—i-s(kbRaB)ei(_s_T)@“ﬁ} T (kyry ) et

(A.3.5)
then, by changing r» — —r,

H,r(k’b”r’g)(—l)reir% = Z [Hsfr(]{;bRamei(r—s)@aa} Js(kbra)eisea,

(A.3.6)
and by applying the Bessel property of Eq. (A.1.8a) we obtain the final

form

H, (kyrg)e™ = " [Ho_y(kyRap)e’" %] Jo(kyra)e™=. (A7)

S
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Appendix B

Four microphones method

To obtain the complex acoustic properties of materials, several methods
have been proposed in the literature. Salissou and Panneton made a full
review on this topic in [66]. The method that is here described is the
four microphone method developed for impedance tubes by Song and
Bolton [69].

H1 Uy d Uz Uy
\\\‘
R
1
il D
1]
]
II/
R
& N
J X3 . X3 R
) X, X4 g

Figure B.1: Scheme of the impedance tube

Lets consider the impedance tube shown in Fig. B.1. The sample of
length d is place between four microphones located at the points z;. The
first cut-off frequency of the tube established the range that this method

is valid for. It is calculated as
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Cp
fe= ol (B.0.1)
where 7 is the first root of J{(n) = 0, D is the inner diameter of the tube
and ¢, is the speed of the fluid inside the tube. Then, in case of mono
mode propagation, the acoustic pressure wave P(x) inside the tube can

be expressed as

A Jkpx B —jkpx f <
P(:E):{ e/t 4 Be or <0 (B.0.2)

Celk® + De= ik for x> d’
where k, = w/¢, is the wavenumber and A, B, C, D are constants to be
determined using the measurements done with the microphones in the
points x;.

Once the pressure wave is determined, the complex wavenumber and
the acoustic impedance of the sample can be obtained from

|
k= - cos (T11), (B.0.3)
T12
z=\7 (B.0.4)
where
P(d)v(d) + P(0)v(0)

=12 =505 + Plav(0)’ (B.05)

P(0)> — P(d)®
B2 = Bow(d) + P()v(0) (B.06)
Ty = v(0)” — v(d) (B.0.7)

P(0)v(d) + P(d)v(0)’
where v is the particle velocity calculated from the pressure using Eq.
(1.1.5). Notice that the wavenumber k in Eq. (B.0.3) is calculated with
the inverse-cosine function. As it is known the cosine function is non-
bijective, because it is not cyclic. Therefore the resulting wavenumber is
not linear and continuous. To solve this issue the procedure followed by
Baccigalupi [4] has been applied.
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Delta Parameter

Figure C.1 and Table C.0.1 show the behavior of the Delta Parameter
(A) in function of the filling fraction (ff), for the case of rigid cylinders
arranged in any type of lattice. Although A(ff) = 1, it is important
to remark that at high filling fractions, not considering the parameter
affects the effective parameters greatly.

1.01

0.99r

0.98

< 0.97r

0.96

0.95¢

0.941

0.93

0 0.2 0.4 0.6 0.8 1
Filling fraction (ff)

Figure C.1: Delta Parameter (A) in function of the filling fraction (ff).
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Table C.0.1: Delta Parameter A as a function of the filling fraction (ff).
S I S 7 I S
0.01 | 1.0020 || 0.24 | 1.0020 || 0.47 | 1.0012 || 0.70 | 0.9930
0.02 | 1.0020 || 0.25 | 1.0020 || 0.48 | 1.0011 || 0.71 | 0.9922
0.03 | 1.0020 || 0.26 | 1.0020 || 0.49 | 1.0010 || 0.72 | 0.9913
0.04 | 1.0020 || 0.27 | 1.0020 || 0.50 | 1.0008 || 0.73 | 0.9903
0.05 | 1.0020 || 0.28 | 1.0020 || 0.51 | 1.0007 || 0.74 | 0.9893
0.06 | 1.0020 || 0.29 | 1.0020 || 0.52 | 1.0005 || 0.75 | 0.9881
0.07 | 1.0020 || 0.30 | 1.0019 || 0.53 | 1.0003 || 0.76 | 0.9869
0.08 | 1.0020 || 0.31 | 1.0019 || 0.54 | 1.0001 || 0.77 | 0.9856
0.09 | 1.0020 || 0.32 | 1.0019 || 0.55 | 0.9999 || 0.78 | 0.9841
0.10 | 1.0020 || 0.33 | 1.0019 || 0.56 | 0.9997 || 0.79 | 0.9825
0.11 | 1.0020 || 0.34 | 1.0019 || 0.57 | 0.9994 || 0.80 | 0.9807
0.12 | 1.0020 || 0.35 | 1.0019 || 0.58 | 0.9991 || 0.81 | 0.9788
0.13 | 1.0020 || 0.36 | 1.0018 || 0.59 | 0.9988 || 0.82 | 0.9766
0.14 | 1.0020 || 0.37 | 1.0018 || 0.60 | 0.9985 || 0.83 | 0.9743
0.15 | 1.0020 || 0.38 | 1.0018 || 0.61 | 0.9981 || 0.84 | 0.9716
0.16 | 1.0020 || 0.39 | 1.0017 || 0.62 | 0.9977 || 0.85 | 0.9686
0.17 | 1.0020 || 0.40 | 1.0017 || 0.63 | 0.9973 || 0.86 | 0.9652
0.18 | 1.0020 || 0.41 | 1.0016 || 0.64 | 0.9968 || 0.87 | 0.9613
0.19 | 1.0020 || 0.42 | 1.0016 || 0.65 | 0.9963 || 0.88 | 0.9568
0.20 | 1.0020 || 0.43 | 1.0015 || 0.66 | 0.9957 || 0.89 | 0.9514
0.21 | 1.0020 || 0.44 | 1.0015 || 0.67 | 0.9951 || 0.90 | 0.9449
0.22 | 1.0020 || 0.45 | 1.0014 || 0.68 | 0.9945
0.23 | 1.0020 || 0.46 | 1.0013 || 0.69 | 0.9938
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