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Best proximity pair theorems for relatively
nonexpansive mappings
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ABSTRACT. Let A, B be nonempty closed bounded convex subsets of
a uniformly convex Banach space and T': AUB — AU B be a map such
that T(A) C B, T(B) C A and ||Tz — Ty|| < ||z — y||, for z in A and
y in B. The fixed point equation Tx = x does not possess a solution
when AN B = &. In such a situation it is natural to explore to find
an element xo in A satisfying ||zo — Tzo|| = inf{lla —b|| : a € A, b €
B} = dist(A, B). Using Zorn’s lemma, Eldred et.al proved that such
a point xg exists in a uniformly convex Banach space settings under
the conditions stated above. In this paper, by using a convergence
theorem we attempt to prove the existence of such a point zo (called
best proximity point) without invoking Zorn’s lemma.
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1. INTRODUCTION

Let A, B be nonempty subsets of a normed linear space (X, || -||) and a map
T: AUB — AU B is said to be a relatively nonexpansive map if it satisfies
(i) T(A) C B, T(B) C A and (ii) | Tz — Ty| < ||z —y||, forall z € A, y € B.
Note that a relatively nonexpansive map need not be continuous in general. But
if AN B is nonempty, then the map T restricted to A N B is a nonexpansive
self map. If the fixed point equation Tx = x does not possess a solution it
is natural to explore to find an zg € A satisfying ||zo — Txo|| = dist(A, B) =
inf{lla—10b|| : a € A, b € B}. A point xy € A is said to be a best proximity
point for T if it satisfies ||zg — Txo|| = dist(A4, B).
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In [2], Eldred et.al introduced a geometric concept called proximal normal
structure which generalizes the concept of normal structure introduced by Mil-
man and Brodskii [7].

Definition 1.1 (Proximal normal structure [2]). A convex pair (K1, K3) in
a Banach space is said to have proximal normal structure if for any closed,
bounded, convex proxzimal pair (Hy, Hy) C (K1, K3) for which dist(Hy, Hz) =
dist(K1, K2) and 6(Hy, He) > dist(Hy, Ha), there exists (x1,x2) € Hy X Ho
such that

(5(:01,H2) < 5(H1,H2), 5(1’2,H1) < 5(H1,H2)
where 6(Hy, Hy) = sup{ ||[h1 — ha|| : h1 € Hy,hs € Ha}.

Using the concept of proximal normal structure, Eldred et.al [2] proved the
existence of best proximity points for relatively nonexpansive mappings.

Theorem 1.2 ([2]). Let (A, B) be a nonempty, weakly compact convex pair in
a Banach space (X,|| - ||), and suppose (A, B) has proximal normal structure.
Let T : AUB — AU B be a relatively nonexpansive map. Then there exists
(z,y) € Ax B such that ||x — Tx| = ||Ty — y|| = dist(A, B).

The proof of the above theorem invokes Zorn’s lemma and the proximal
normal structure idea. Also it has been proved that every closed bounded
convex pair (A, B) of a uniformly convex Banach space has proximal normal
structure and every compact convex pair has proximal normal structure.

In this paper, by using a convergence theorem we attempt to prove the
existence of a best proximity point without invoking Zorn’s lemma.

2. PRELIMINARIES

In this section we give some basic definitions and concepts which are useful
and related to the context of our results. We shall say that a pair (4, B) of
sets in a Banach space satisfies a property if each of the sets A and B has
that property. Thus (4, B) is said to be convex if both A and B are convex.
(C,D)C (A,B)< C CA,DC B ete.

dist(A,B) =inf{|lz —y| : z€ A,y B}
Ag={z €A : ||z —y| = dist(A, B) for somey € B}
Bo={y€B : |z —y| = dist(A, B) for some x € A}

Let X be a normed linear space and C' be a nonempty subset of X. Then the
metric projection operator P : X — 2 is defined as

Po(z) ={y € C : ||z -yl = dist(z,C)}, for each z € X.

It is well known that the metric projection operator Po on a strictly convex
Banach space X is a single valued map from X to C, where C' is a nonempty
weakly compact convex subset of X.

In [6], Kirk et.al proved the following lemma which guarantees the nonempti-
ness of Ag and By.
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Lemma 2.1 ([6]). Let X be a reflexive Banach space and A be a nonempty
closed bounded convex subset of X, and B be a nonempty closed convex subset
of X. Then Ay and By are nonempty and satisfy Pe(Ao) C By, Pa(Boy) C Ao.

In [8], Sadiq Basha and Veeramani proved the following result.

Lemma 2.2 ([8]). If A and B are nonempty subsets of a normed linear space
X such that dist(A,B) > 0, then Ag C 9(A) and By C 9(B) where 9(C)
denotes the boundary of C in X for any C' C X.

Suppose (A, B) is a nonempty weakly compact convex pair of subsets in a
Banach space X. Consider the map P: AU B — AU B defined as

po - {2 1 7

If X is a strictly convex Banach space, then the map P is a single valued map
and satisfies P(A) C B, P(B) C A.

Proposition 2.3. Let A, B be nonempty weakly compact convexr subsets of
a strictly conver Banach space X. Let T : AUB — AU B be a relatively
nonezpansive map and P : AUB — AU B be a map defined as in (2.1). Then
TP(x) = P(Tx), for all x € Ag U By.

Proof. Let x € Ag. Then there exists y € B such that ||z —y| = dist(A, B). By
the uniqueness of the metric projection on a strictly convex Banach space, we
have Pp(z) =y, Pa(y) = x. Since T is relatively nonexpansive, we have || Tz —
Tyl < |l — y|| = dist(A, B). ie P4a(Tx) = Ty. This implies that Ps(Tx) =
TPy(x) =

This observation will play an important role in this article. In [3], Eldred
and Veeramani introduced a notion of cyclic contraction and studied the exis-
tence of best proximity point for such maps. We make use of the main results
proved in [3] to obtain best proximity pair theorems for relatively nonexpansive
mappings.

Definition 2.4 ([3]). Let A and B be nonempty subsets of a metric space X .

A mapT: AUB — AUB is said to be a cyclic contraction map if it satisfies :
(1) T(4) C B, T(B) C 4

(2) there exists k € (0,1) such that d(Tx,Ty) < kd(z,y)+(1—k)dist(A, B)
for eachx € A,ye B

We can easily see that every cyclic contraction map satisfies d(Tx,Ty) <
d(z,y), forallz € A,y € B. In [3], a simple existence result for a best proximity
point of a cyclic contraction map has been given. It states as follows:

Theorem 2.5 ([3]). Let A and B be nonempty closed subsets of a complete
metric space X. Let T : AUB — AU B be a cyclic contraction map, let xg €
A and define xp41 = Tan, n = 0,1,2,---. Suppose {x2n} has a convergent
subsequence in A. Then there exists x € A such that d(x,Tz) = dist(A, B).
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In uniformly convex Banach space settings, the following result proved in
[3] ensures the existence, uniqueness and convergence of a best proximity point
for a cyclic contraction map. We use this result to prove our main results.

Theorem 2.6 ([3]). Let A and B be nonempty closed and convex subsets of
a uniformly convexr Banach space. Suppose T : AUB — AU B is a cyclic
contraction map, then there exists a unique best proximity point x € A( that is
with ||x — Tx| = dist(A, B) ). Further, if xo € A and xpy1 = Ty, then {z2n}
converges to the best prorimity point.

We need the notion of ”approximatively compact set” to prove a convergence
result in the next section.

Definition 2.7 ([9]). Let X be a metric space. A subset C of X is said to
be approzimatively compact if for any y € X, and for any sequence {x,} in C
such that d(zn,y) — dist(y,C) as n — oo, then {x,} has a subsequence which
converges to a point in C'.

In a metric space, every approximatively compact set is closed and every
compact set is approximatively compact. Also a closed convex subset of a
uniformly convex Banach space is approximatively compact.

3. MAIN RESULTS

The following convergence theorem will play an important role in our main
results.

Theorem 3.1. Let X be a strictly convexr Banach space and A be a nonempty
approzimatively compact convex subset of X and B be a nonempty closed sub-
set of X. Let {zn} be a sequence in A and y € B. Suppose ||z, — y| —
dist(A, B), then x, — Pa(y).

Proof. Suppose that {z,} does not converges to P4 (y), then there exists € > 0
and a subsequence {zy, } of {z,} such that

(3.1) [0, — Pa(y)ll = ¢

Since {zp,} is a sequence in A such that ||z,, — y|| — dist(A, B), and A
is approximatively compact, {x,, } has a convergent subsequence {x”% } such
that x,, — x for some x € A. Then

[ en, =yl = llz =yl
also, ||lzn; —yl| — dist(A, B) implies ||z — y|| = dist(A, B).
By the uniqueness of P4 we have x = P4(y). But from (3.1) we have
e <|lan, = Pa(y)| = 0<e<|lz—Paly)| = =# Paly)
which is a contradiction. Hence z,, — Pa(y). O

The above theorem generalizes the following convergence result proved in [3]
([3],Corollary 3.9) for a strictly convex Banach space.
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Corollary 3.2 ([3]). Let A be a nonempty closed conver subset and B be
nonempty closed subset of a uniformly convex Banach space. Let {x,} be a
sequence in A and yo € B such that ||z, —yol| — dist(A, B). Then x,, converges

to Pa(yo)-

Remark 3.3. Let X be a normed linear space, let A be a nonempty closed
convex subset of X, and B be a nonempty approximatively compact convex
subset of X. If Ay is compact, then By is also compact.

Proof. If By is empty, then nothing to prove. Assume By is nonempty. Let
{yn} be a sequence in By. Then for each n € N, there exists x,, € Ay such
that ||z, — yn| = dist(A, B). Since Ay is compact, there exists a convergent
subsequence {z,, } which converges to some = € Ay. Consider the inequality,

Hynk - m” < Hynk - xnk” + Hxnk - m” - diSt(AvB)'

Since B is approximatively compact, {yn, } has a convergent subsequence {y,, }
converges to some y € B. Since By is closed, it implies that y € By. Hence By
is compact. O

Now we prove our main results.

Theorem 3.4. Let X be a uniformly convex Banach space. Let A be a nonempty
closed bounded convex subset of X and B be a nonempty closed convexr subset
of X. Let T : AUB — AU B be a relatively nonexpansive map. Then there
exist a sequence {T,} in Ag and x* € Ag such that

(1) zp, 2 z*

(2) ||la* = Tz*|| < dist(A, B) + 1ir%linf T2z, — Tx*|.

Proof. By Lemma 2.1, Ag is nonempty, hence there exist xg € Ag and yy € By
such that ||zg — yo|| = dist(A, B). For each n € N, define amap T;, : AUB —
AU B by

1 1
—yo+<1—)T:E, if reA
n n

(3.2) T, (x) = . .

—x0 + (1——)Tx, if r€B

n n
Since A and B are convex and T is a relatively nonexpansive map, for each
neN, T,,(A) C B,T,(B) C A. Also for each z € A, y € B,

A

1 1
1T (2) = Tu(y)ll < —llwo —yoll + (1 - g) | Tz — Ty

(3.3)

IN

<1 - 1) 2 —yll + ldist(A, B).
n n

This implies that for each n € N, T,, is a cyclic contraction on A U B. Hence
by Theorem 2.6, for each n € N there exists x,, € A such that

(3.4) 2n — Toan|| = dist(A, B).
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Hence z,, € Ag, for each n € N. Since Ag is bounded, By is also bounded, and
T(Ao) C Bo, Th(Ag) C By. Also observe that for any = € Ay,

1 1
(3.5) |The — Tz|| < EHyo —Tz| < 55(30) — 0 asn — oo.

Since Ay is a closed bounded convex set, {z,} has a weakly convergent sub-
sequence. Without loss of generality, let us assume that {z,} itself weakly
converges to z*, for some z* € Ag. Then x,, — Tx* % z* — Tz*. Since || - || is
weakly lower semi continuous, and by (3.4), (3.5) we have

||z* — Tz*|| < liminf ||z, — Tz*||
n

<liminf {||z, — Tnzn| + | Tnxn — Txn|| + | Tz, — Tz ||}

1
< liminf {dist(A, B) + Eé(BO) + [Tz — Tx*||}
n
< dist(A, B) + liminf || Tz, — Tz*||
Hence the theorem. O

We use the above theorem to prove :

Theorem 3.5. Let X be a uniformly convex Banach space. Let A be a nonempty
closed bounded convex subset of X such that Ag is compact, and B be a nonempty
closed convex subset of X. Let T : AUB — AU B be a relatively nonexpansive
map. Then there exist x* € A such that ||z* — Tx*| = dist(A, B).

Proof. By Theorem 3.4, there exist a sequence {z,} in Ay and 2* € Aj such
that x,, — x* and satisfies the inequality

l=* — Tz*|| < dist(A, B) + liminf | Tz, — Tz"|.

Since Ay is compact, x,, converges to x* strongly. The proof will be complete
if we show that ||Tz, — Tz*|| — 0.

Claim : ||Tz, — Tz*|| = 0 as n — oo.

It is enough to show that ||T'z,, — Pa(Tz*)|| — dist(A, B) as n — oo. Then
by Theorem 3.1, we have Tx,, — Pg(Pa(Tz*)) = Tz*. Consider

|z — Pz™|| < ||xn — z¥|| + ||a* — Ppa™|| — dist(A, B).
Since T is relatively nonexpansive we have,
|Tx,, — PaTx™|| = |Txn, — T(Ppa™)|| < ||xn — Pea™|| — dist(A, B).
This ends the claim and hence the theorem. (I

Theorem 3.6. Let X be a strictly convex Banach space, let A be a nonempty
closed convex subset of X such that Ag is a nonempty compact set and B be a
nonempty closed convex subset of X. Let T : AUB — AU B be a relatively
nonexpansive map. Then there exists x* € A such that ||z*—Tx*|| = dist(A, B).
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Proof. Since Ag is nonempty and compact, we can construct a sequence of cyclic
contraction maps T, : AUB — AU B as in Theorem 8.4. We use Theorem
2.5 for an existence of best proximity point x,, € Ay such that ||z, — Thz,| =
dist(A, B). Since Ag is compact, {z,} has a convergent subsequence {z,, }
such that z,, — z* for some z* € Ay. As in the proof of Theorem 3.5, we can
show Tz, — Tx*. The proof ends by considering the following inequality,

Hx* _Tm*” < ||$* — Ty H + ||Ink - Tnkxnk H + ||Tnkxnk - Txnk H + ||Txnk _Tm*”
and by observing || Ty, Tn, — TZn, | < %6(30) — 0. O
We give below some situations where Ag is a compact subset of A.

Example 3.7. Let A be a unit ball in a strictly convex Banach space X and B
be a closed convex subset of X with dist(A, B) > 0. Then Aj contains atmost
one point.

Proof. Clearly Ag is a bounded convex subset of A, moreover by Lemma 2.2,
Ap is contained in the boundary of A. ie Ay C JA. Suppose x1,xs € Ag with
x1 # x2, then by strict convexity || 24522 || < 1 which implies that 21522 ¢ 9A, a
contradiction to the convexity of Ag. Hence Ag contains atmost one point. [J

Example 3.8. Let A be a nonempty closed bounded convex subset of a uni-
formly convex Banach space X and B be a nonempty closed convex subset of
X such that span(B) is finite dimensional with dist(A, B) > 0. Then Ay and
By are nonempty compact subsets of A, B respectively.

Proof. Let {y,} be a sequence in By then there exists a sequence {z,} in
Ap such that ||z, — yn|| = dist(A, B). Since {z,,} is bounded, {y,} is also a
bounded sequence in By. Since B is finite dimensional, {y,} has a convergent
subsequence. Hence By is compact. Then by Remark 3.3, Ag is also a compact
set. (|

Corollary 3.9. Let A be a nonempty closed bounded convex subset of a uni-
formly conver Banach space X and B be a nonempty closed convex subset of X
such that span(B) is finite dimensional with dist(A,B) > 0. LetT: AUB —
A U B be a relatively nonexpansive map. Then there exists x € A such that
||z — Tz|| = dist(A, B).
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